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Abstract 



We study certain non-symmetric wavefunctions associated to the quantum nonlinear Schro- 
dinger (QNLS) model, introduced by Komori and Hikami using representations of the degenerate 
affine Hecke algebra. In particular, they can be generated using a vertex operator formalism 
analogous to the recursion that defines the symmetric QNLS wavefunction in the quantum 
inverse scattering method. Furthermore, some of the commutation relations encoded in the 
Yang-Baxter equation are generalized to the non-symmetric case. 
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Chapter 1 



Introduction 



The quantum nonlinear Schrodinger (QNLS) model for a 1-dimensional bosonic gas was intro- 
duced by Lieb and Liniger [40] in 1963 and has been studied extensively since, e.g. [12, 15, 16, 
18-21,23,24,26,29,31,34,35,54,61]. It describes a system of N particles moving along a circle 
or an infinite line with pairwise contact interaction whose strength is determined by a constant 
7 G M. Most of the theory deals with the repulsive case (7 > 0). 

The QNLS model was introduced [40] as the first example of a parameter-dependent boson gas 
for which eigenstates and eigenvalues of the quantum Hamiltonian can be calculated exactly. 
Earlier, Girardeau [22] studied a related system which does not contain a (nontrivial) parameter 
but which can be obtained from the Lieb-Liniger system in the limit 7 — > 00. We also remark 
that a free system of bosons is obtained in the limit 7^0, which is an important test case for 
results on the QNLS model. 

Assume the particle coordinates are given by x = {xi, . . . ,xn) & for some closed interval 
J C M. In units where Planck's constant h equals 1 and the mass of each particle \, the 
Hamiltonian H-y for the QNLS model is formally given by 

if^ = -A + 27 (1.1) 

l<i<k<N 

with associated eigenvalue problem 

for some £^ G M, where ^ is an element of a yet-to-be-determined function space. We have 
written A = X^^i 5| for the Laplacian, where dj = We emphasize that the definition Eqn. 
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(1.1) is entirely formal, i.e. we have not specified the domain of H^. We will address this in due 
course. 

Despite having been studied for a long time, the QNLS model still has open questions attached 
to it. Dealing with these issues is all the more important since the QNLS model is in many ways 
a prototypical integrable model; it is often chosen as a test case for (new) methods. With this 
thesis we hope to make some advances in the theoretical understanding of the QNLS model. 

1.1 Function spaces and the symmetric group 

To place the Hamiltonian Eqn. (1.1) on a more rigorous footing, we introduce the following 
standard terminology for function spaces. Given U a subset of or which has a nonempty 

interior, let T{U) denote the vector space of complex-valued functions on U and consider its 
subspace 

C{U) = { / G J^{U) : / is continuous } . 
If U is open, we have the further subspaces 

C^{U) = { / G T(U) : f has derivatives up to order k which are continuous } , k E Z>o, 

([/) = {/ G J^{U) : f is smooth } , 
C'^{U) = {f e F{U) : / is real-analytic } , 
V{U) = { / G J^{U) : f is polynomial } . 

Given that each particle's location is restricted to be in the closed interval J C M, note that the 
term in (1.1) proportional to 7 is linked to an arrangement of hyperplanes 

Vjk = {x e : Xj = Xk} , for j < k. 

The corresponding set of regular vectors is given by 

Jr% = j''\ U Vjk = {xej'':Xj^Xkifj^k}. 
l<j<k<N 

The alcoves are the connected components of J^^. The fundamental alcove is given by 

J+ = {x e : xi > . . . > xn} ■ 
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We recall some basic facts and definitions related to the symmetric group Sn- The transposition 
of two elements j, /c G {1, . . . , N}, i / j is denoted Sjk- For ease of notation we will sometimes 
write 1 G Sn as Sjj for some j = 1, . . . ,N. For j = 1, . . . , N — 1 the transposition j+i is 
written Sj and called simple. Sn is generated by the simple transpositions {sj : 1 < j < N — 1} 
and has the corresponding presentation 

Sn = {si, ■ . .,SN-i\sj = 1, SjSj+iSj = Sj+iSjSj+i, SjSk = SkSj if \j - A;| > l) . 

S]\f has an obvious (left) action on defined by w{xi,...,xn) = {^wi, ■ ■ • ^^wn), where 
{xi, . . . ,xn) G and w G Sn- In fact Sn acts as a Weyl group associated to the collec- 
tion of hyperplanes Vjk, i.e. the transpositions Sjk act as reflections in the hyperplane Vjk, 
which are isometries with respect to the standard Euclidean inner product defined by 

N 

{x, y) := XjVj for a;, y G J^, 

in other words {wx,y) = {x,w~^y) for all w G Sn and all x,y e . Furthermore, J^^ is an 
invariant subset under the above action, and Sn also acts on the collection of hyperplanes and 
on the collection of alcoves. The latter action is transitive, so that J^g = IJu;e5;v '^'^+ ■ -^Iso, 
there is a left action of Sn on J^{J^), defined by 

{wf){x) = f{w-^x), 

for w^Sn, f T{J^) C, and x G J^. The vector space C{.J ) is an invariant subset under 
this action, and in the case J = M, so are C^(M^), C°°(M^), C'^(M^) and r{R^). We note that 
S'jv acts on the sets obtained from the above by replacing by J^^ or C^. Given z G C, 
we denote by z its complex conjugate. The corresponding complex Euclidean inner product is 
defined by 

N 

{z, z') := J2 ^j^j for z, z! G C^, 

and satisfies (luz, z!) = (z, w~^z') for all w G Sn and z, z' G C"^. If X is a set acted upon by 
Sn-, then X^^ denotes the subset of elements of X that are left fixed by Sn- 
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1.2 The QNLS problem revisited; the coordinate Bethe ansatz 

It is well-known [12,26,40] that the eigenvalue problem of the Hamiltonian (1.1) should be 
interpreted as the system of equations 

-A*| jN = E^\ jN , (1.1) 

'"'reg '"'reg' ^ ' 

{dj - dk) - {dj - dk) ^\y- = 27*|y,„ for 1 < i < A; < TV, (1.2) 

jk 'jk 

for a ^' G C{J^)^^ whose restriction to Jj^g is twice continuously differentiable. Here we have 
used the notation 

'^j^'-'k 

for / G C(J^). The equations (1.2) are called the derivative jump conditions. 

Furthermore, if J is bounded without loss of generality we may assume that J = [—L/2, L/2], 
for some L G M>o. In this case for the Hamiltonian to be (formally) self-adjoint it is necessary 
to apply the following boundary conditions to ^' and its derivative: 

' ' ' iOT j = 1,...,N. (1.4) 

Because * is S'jv-invariant, it is sufficient to impose the conditions 

-A^ljN = E'^ljN, (1.5) 
{dj - dk) = 7^|y,,+i, for J = 1, . . . ,iV - 1, (1.6) 

where we may now take ^ G C{J^) with twice continuously differentiable restriction to . 
The conditions (1.4) can also be simplified: 

*(L/2, XI,..., XN-i) = *(xi, . . . , XN-i, -L/2), 

(1.7) 

dx'^ix, Xi,..., XN-l)\x=L/2 = dx'i^ixi, XaT-I , 0^) U=-L/2 • 

Lieb and Liniger [40] solved this system by modifying an approach which Bethe used to analyse 
the one-dimensional Heisenberg model [6] . This method is now known as the ( coordinate ) Bethe 
ansatz. Write e'^ G C^{J^) for the plane wave with wavenumbers given by A = (Ai, . . . , A^v) G 
C^, i.e. the function defined by 

e^^(a;) = e^^^''"^ = e^^^'=i ^^""^ . (1.8) 
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This Bethe ansatz results in the statement that the Bethe wavefunction *Ai,...,AAr ^ C{J^) given 

by 



ioix^Jtl, (1.9) 



solves the QNLS problem, i.e. it satisfies Eqns. (1.1-1.2) with E = X^jLi •^j- Furthermore, if 
Ai, . . . , Ajv are distinct real numbers satisfying the Bethe ansatz equations (BAEs), viz. 

^iA,L^J^ A,-A.. + i7 ^ fori = l,...,iV, (1.10) 

A, -Afe-i7 

then in addition satisfies Eqns. (1.4). 

Example 1.2.1 [N = 2). We present the explicit expression of the Bethe wavefunction for N = 
2 and J = [—L/2, L/2] for some L > 0. On the fundamental alcove { {xi,X2) E : xi > X2} 
we have 

_1 f Ai-A2-i7 ^i(Aixi+A2a;2) A1-A2 + i7 A(\2Xi+\iX2)'\ . 



the reader may verify that this leads to the following expressions for arbitrary {xi,X2) € J^: 
*A.A.(xi,X2) = I (^lZ^qi^(gZ^^e'(^-+^-) + 

^ A1-A2 +Sgn(xi-X2)i7 gi(A2a:i+AiX2) 

Ai — A2 

This function satisfies the system Eqns. (1.1-1.2), which in this case reads: 

-{dl + dl)^x^,\2{xuX2) = {Xi + Xl)^Xi,X2{xi,X2), if - L/2 < xi ^ X2 < L/2, 

4^™, (^1 - ^2)^Ai,A2(^i,a;2) - ^l^^^idi - 92)*Ai,A2(a;i,a;2) = 27^'Ai,A2(a^i,a^i), 

if - L/2 <xi< L/2. 

Furthermore, if = e''^^'^ = e~^-^^^, then we have 

{L/2, x) = *Ai,A2 {-L/2, x) *Ai,A2 {x, L/2) = *Aa,A2 {x, -L/2) 

(5i*Ai,A2)(V2,^) = {di^x,M){-L/2,x) id2^XuX.){x,L/2) = {d2^x„X2){x-L/2). 



We will keep returning to the N = 2 case throughout the thesis. 
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1.3 Quantum inverse scattering method 

An important solution technique for the QNLS model, and an example of a method using 
the QNLS model as a test case, has been the quantum inverse scattering method (QISM). The 
QISM is a quantized version of the classical inverse scattering method, a technique used for solv- 
ing certain nonlinear partial differential equations, and was developed by the Faddeev school 

[17, 36, 52, 56, 57] after Baxter's pioneering work on exactly solvable models in statistical me- 
chanics and his method of commuting transfer matrices; see [2] for a text book account and 
references therein. 

The application of the QISM to the QNLS model will be reviewed in Chapter 2. We make 
some general remarks here. The QISM revolves around the so-called monodromy matrix T\ = 



space (in the case of the QNLS model, the Fock space, which is the direct sum of all spaces 
L^(J'^)'^^ of symmetrized square-integrable functions on the finite box J^). T satisfies the 
Yang-Baxter equation related to the Yangian of whence commutation relations are obtained 
for its entries. The algebra generated by Ax,Bx,Cx,D\ is called the Yang-Baxter algebra. The 
relevance of the monodromy matrix to physical models lies in the fact that the transfer matrices 
Tx = Ax + Dx form a self-adjoint commuting family and commute with (in fact are generating 
functions for) the integrals of motion, including the Hamiltonian. It can be shown that under 
certain conditions on the \j (also called Bethe ansatz equations), the functions 



are eigenfunctions of the transfer matrix, and hence of the Hamiltonian, where ^'g is a reference 
state (in the QNLS case it is 1 G li^{J^) = C). 

1.4 Root systems and afRne Hecke algebras 

An important contribution by Gaudin [20] was the realization that the Lieb-Liniger system can 
be naturally generalized in terms of (classical) crystallographic root systems. These general- 
izations can also be solved by the Bethe ansatz approach and have been the subject of further 
study [15,16,23,27,29]. It has been highlighted by Heckman and Opdam [29] that represen- 
tations of certain degenerations of afHne Hecke algebras play an essential role, providing the 
second method for solving the QNLS problem. 




a parameter-dependent 2x2-matrix whose entries are operators on the relevant state 



*Ai,...,Ajv •= ■ • ■-Sai*0 



(1.1) 



1.5. NORM FORMULAE, COMPLETENESS AND INTEGRABILITY 
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In particular, a non-symmetric function '(/'Ai,...,A]v can be constructed that solves the QNLS 
eigenvalue problem Eqns. (1.1-1.2). Upon symnictrization one recovers the Bethe wavefunction 
^Ai,...,AArj hence wc will refer to V-'Al,....A^: as the pre-wavefunction. This function V'Ai,...,Ajv 
introduced into the theoretical picture of the QNLS model by Komori and Hikami [31,34] in 
analogy to the non-symmetric Jack polynomials in the Calogero-Sutherland-Moser model [4, 30, 
49]. Furthermore, Hikami [31] has made clear the connection with Gutkin's propagation operator 
or intertwiner [16,23], which intertwines two representations of the relevant degeneration of the 
affine Hecke algebra. We will review this approach in Chapter 3 in more detail. 



1.5 Norm formulae, completeness and integrability 

In general, the norms of quantum-mechanical wavefunctions are important for the calculation 
of probabilities because of the following reason. If is a wavefunction of a quantum-mechanical 
system whose L^-norm ||^|| equals 1, then can be interpreted as the probability den- 

sity of finding the quantum system at location x. If ^ is an arbitrary wavefunction, then 
^ = ^/W^W is normalized and the aforementioned notion of probability density can be assigned 
to |^'(a;)|2 = |*(a;)|V||^'||2. 

As for the Bethe wavefunctions, their norms were conjectured by Gaudin [21] to be given by 
so-called determinantal formulae. This was proven by Korepin [35] using QISM techniques. 
Emsiz [15] has conjectured similar formulae for the norms of the eigenfunctions associated with 
more general crystallographic root systems which have been verified for systems of small rank [7] . 

An important and difficult problem has been to determine the completeness of the Bethe wave- 
functions. The spectrum of the Hamiltonian changes drastically depending on the type of 
interaction (repulsive or interactive) and the geometry (line or circle). In the attractive case, 
where 7 < 0, bound states occur (due to multi-particle binding), leading to a mixed spectrum. 
For the system on the line, completeness of the Bethe eigenstates was shown by Oxford [47]. 
For the corresponding system on the circle this question is still an open problem. 

For the repulsive case, the completeness of the Bethe wavefunctions in L^(M^)'^^, where the 
Hamiltonian has a purely continuous spectrum, was proven by Gaudin [18, 19,21]. For the cor- 
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responding problem on a bounded interval J (i.e. the system of quantum particles on a circle), 
completeness (in L^(J^)'^^) and orthogonality of the set of eigenfunctions of the QNLS Hamil- 
tonian, viz. { : A satisfies the BAEs (1.10) }, were proven by Dorlas [12] using completeness 
of the plane waves, a continuity argument at 7 = and QISM techniques. To do this, it is 
crucial to specify the right domain of H^, so that it becomes essentially self-adjoint (i.e. its 
closure is self-adjoint). 

The QNLS model is a quantum integrable system, by which we mean that infinitely many in- 
tegrals of motion (conserved charges) exist: operators on L^(J^)'^^ which are simultaneously 
diagonalized by the solutions of Eqns. (1.1-1.2), i.e. the Bethe wavefunctions. Because of 
completeness of the Bethe wavefunctions, these operators mutually commute. 

1.6 Experimental construction of the QNLS model 

So far we have discussed the rich mathematical structures of the QNLS model. Its physical 
significance has been demonstrated by recent experiments [59, 60] where systems described by 
the QNLS model, consisting of magnetically confined ultra-cold rubidium atoms, have been 
manufactured. These atoms are trapped using the magnetic field generated by electrical currents 
on a microchip; because of the low temperature, the movement of the atoms is reduced and an 
effectively one-dimensional system is created. Theoretical advances in the QNLS model may be 
of importance to such experiments and any new technology that arises out of them: by virtue 
of integrability it may be possible to obtain exact data which can help to calibrate equipment. 

1.7 Present work 

The general problem that this thesis aims to address is the disparateness of the QISM and the 
Hecke algebra approach. Each has their own advantages; the QISM yields recursive relations 
for the Bethe wavefunctions whereas the degenerate affine Hecke algebra can be immediately 
generalized to other reflection groups. However, since both methods solve the QNLS problem 
there should be connections, and we will highlight sonic of them. 

In particular, we will focus on the pre- wavefunctions 'i/'Ai,...,Ajv demonstrate that they are 
more important to the theory of the QNLS model than previously thought. In Thm. 5.2.2 we 
will prove that the pre- wavefunctions can be generated by operators b"^ : C(M^) C{M.^'^^) 
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(for which we will give explicit formulae) as follows: 

where (Ai, . . . , A^v) G C^. In particular, we remark that the pre-wavefunctions are defined using 
the afiine Hecke algebra method, but satisfy a QISM-type relation (cf. Eqn. (1.1)); this ties 
these two solution methods for the QNLS model more closely together. Furthermore, we obtain 
the relation 

5^5(iV)^^(iV+l)j,± 

where <S^^^ = '^weSu ^' l^^ding to a new proof that Bx^^ . . . B\-^ ^ij^ indeed is the Bethe wave- 
function. These operators 6^ can also be seen as operators densely defined on non-symmetric^ 
Fock space, the direct sum of all the spaces L^(J^) for a bounded interval J, on which we 
can define further operators a^,c^,djit. These, together with S^^'^^^b'^, restrict to the QISM 
operators A^,S^,C^,£)^ and we will highlight similar commutation relations that they satisfy, 
prompting the concept of a non- symmetric Yang-Baxter algebra. 

1.8 Outline of thesis 

In Chapters 2 and 3 we will review the main theories in existence that solve the QNLS model. 
In both chapters we present some original work. Chapter 4 is a short chapter highlighting some 
connections between these two solution methods, which is largely original work. The main body 
of original work, the theory surrounding the operators a^, b^,c^,dfx-, is found in Chapter 5. Fi- 
nally, in Chapter 6 we provide some concluding remarks. 

There are two appendices with detailed calculations, to which will be referred in Chapters 3, 4 
and 5 where needed. This is followed by a list of symbols on page 132 and a list of references 
on page 137. 



^Or rather, "not-necessarily-symmetric". 
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Chapter 2 



The quantum inverse scattering 
method (QISM) 

In this chapter we recall that the QNLS system of N spinless quantum particles on a line, a 
line segment or a circle formally corresponds to the A'^-particle sector of a bosonic nonrelativis- 
tic quantum field theory which can be studied with the aid of the quantum inverse scattering 
method (QISM), also known as the algebraic Bethe ansatz (ABA). This is a quantum version 
of the (classical) inverse scattering methods and was introduced and developed by the (then) 
Leningrad school led by Faddeev [17,36,52,56,57], which was preceded by Baxter's seminal work 
[2] on exactly solvable models in statistical mechanics. It also contributed to the development 
of quantum groups. Besides the work of the Faddeev school specific to the QNLS model [35,54] 
we should also mention Gutkin's exposition [26]. For a mathematical background, we refer the 
reader to [50, 51]. 

We will start off by defining various Hilbert spaces and then briefly review the quantum field- 
theoretic context of the QNLS Hamiltonian and the quantum inverse scattering method, centred 
around the so-called monodromy matrix. Its entries are the generators of a spectrum generating 
algebra (Yang-Baxter algebra) of the Hamiltonian and their commutation relations are encoded 
in the famous Yang-Baxter equation. We will discuss the use of the Yang-Baxter algebra in 
constructing eigenfunctions of the QNLS Hamiltonian and highlight some further properties of 
the Yang-Baxter algebra, providing a connection to Yangians. Having reviewed the existing 
theory, we present new integral formulae for the entries of the monodromy matrix which we 
believe have computational advantages. 
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2.1 Hilbert spaces 

We will consider systems of quantum particles whose movement is restricted to a one-dimensional 
set (an infinite line, a finite line segment or a circle). In quantum mechanics, the possible states 
of these systems are described by wavefunctions, which are elements of a Hilbert space. Let 
J C M be a closed interval. The reader should keep in mind two cases: M itself and an interval 
of some finite length L > 0. In any event, for A'^ a nonnegative integer, consider 

L2(J^) = I / : ^ C : d^x|/(x)p < oo } , 

the set of square-integrable functions on , which is a Hilbert space with respect to the inner 
product^ 

{f,9)N= [ d'^xfix)'^), (2.1.1) 
for f,g e L^(J^). The corresponding norm is denoted by || • \\n- 

Definition 2.1.1. Let N be a nonnegative integer and J C M a closed interval. The (non- 
symmetric) A?^-particle sector and the symmetric AT-particle sector are the two Hilbert spaces 

ijNiJ) = h^j""), Hn{J) = biv(J)^^ C f)jv(J), 

respectively. Note that ^)o{J) = T^oiJ) = C, which is spanned by the constant 1 G i)o{J) = 'Hq{J), 
i.e. the constant function: J° — >■ C with value 1, which we will denote by ^'0 and refer to as the 
pseudo- vacuum . 

Remark 2.1.2. The established QISM for the QNLS is formulated in terms of the symmetric 
N-particle sectors defined above. However, since the non-symmetric N -particle sectors can be 
seen as an intermediate step in the construction of the N-particle sectors, we discuss them here 
as well. In Chapter 5 they will play a more central role. 

Notation (Symmetric and non-symmetric objects). In the rest of this thesis, whenever there 
is a pair of objects (i.e. sets, functions on those sets, operators acting on such functions) 
of which one is the symmetrized counterpart of the other, we will write the symmetric object 
with a capital letter and the more general, not necessarily symmetric, object with a lower-case 

letter, as we ha.ve done already for {)Ar(J) and 7iisf{J). 

^For 'Hn{J) it is also common to use the inner product defined by fj^ d'^x f{x)g{x). However, by not 
including the 1/N\ factor we may express certain adjointness relations more easily. 
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Remark 2.1.3. The N-particle sectors are state spaces for several particles moving along J. 
In particular, the symmetric N-particle sector H]\f{J) is the state space of a system of indis- 
tinguishable particles or bosons, i.e. quantum particles whose wavefunction is invariant under 
exchange of coordinates (or more generally, invariant under exchange of "quantum numbers", 
i.e. eigenvalues of "ohservahles" , certain formally self-adjoint operators on the state space). 
This concept is the reason for the use of the symmetric group in the definition ofHNiJ)- 

Let w G Sn- Note that {wf,g)pf = (/, u'"^^)^, for all f,g G i)NiJ)- Hence, the inner product 
on 7ij^(J) satisfies 

{F,G)^ = m[ d^xF{x)Gi^), 
where we recall the fundamental alcove = { £C G : xi > . . . > xn} ■ 

Consider tlic direct sum of all non-symmetric A^-particle sectors ®jv>o ^n{J)- Formally define 
an inner product on this space as follows 

(/o e /i e /2 e . . .,50 e 51 e 52 e . . .) := (/o,5o)o + (/i,5i)i + (72,52)2 + • • ■ , 

where for each N G Z>o, fN,gN € i)N{J)- We emphasize that this does not properly define an 
inner product as the infinite sum may not converge. As usual we may also (formally) define 
the associated norm ||/|| = ^ (/, /) for / G 0jv>o ')iv(<^); we will also formally consider the 
inner product given by this formula and the corresponding norm on the direct sum of symmetric 
iV-particle sectors, which is a subspace. Finally, we note that the restriction of the formal inner 
product (, ) to any A^-particle sector yields the existing inner product (,)^, so that we may 
denote all these inner products simply by (, ) if convenient. We are now ready for 

Definition 2.1.4. The (non-symmetric) Fock space and the symmetric Fock space are given by 



W) = < 



/ e biv(J) : 11/11 < oo 

N>0 



H{J) = < 



Fe 0Hjv(J) : \\F\\ < DO 



> c f}(J), 



Ar>o 

respectively. These are Hilbert spaces with respect to the inner product (, ) defined above and 
they contain the dense subspaces of finite vectors (cf. [26, Prop. 6.2.2]) 

f)fin(J) = j / e W) : 3M G Z>o : / G f)iv(J) | , Hfin(J) = f)fin(J) n n. 
I Ar=o J 



Remark 2.1.5. The Fock spaces allows for linear combinations of elements from different N- 
particle sectors (i.e. superpositions of states containing a different number of particles) . 
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We note that the A?^-particle sectors i)N{J) and T-Ln{J), and also the Fock spaces ^(J) and T-L{J) 
are separable Hilbert spaces, i.e. admit countable orthonormal bases. 

Remark 2.1.6. Essentially all Hilbert spaces used in physical theories are separable. 

2.1.1 Test functions 

In our case, the A'^-particle sectors f)iv(</) and HNiJ) contain dense subspaces 

respectively, consisting of test functions on J-^, i.e. smooth functions from to C with compact 
support. We form the spaces 

:= o^(J), v{j) = Piv( J) = HJ) n n{J), 

N>0 N>0 

which are dense proper subsets of [)(J) and H(J), respectively. 

Remark 2.1.7. These dense subspaces are used to define (possibly unbounded) operators on t) 
and %. In physics one is interested in Hamiltonians, certain (formally) self-adjoint operators 
with real unbounded spectrum, as the eigenvalues are interpreted as "energy". Operators defined 
everywhere on an infinite- dimensional Hilbert space are necessarily bounded by virtue of the 
Hellinger-Toeplitz theorem (see e.g. [50]). Hence, we must allow for operators that are only 
defined on dense subsets. 

Densely defined operators T on \){J) have a uniquely defined formal adjoint T*, which is an 
operator on f)(J) satisfying {f,T*g) = {Tf,g) for all /, 5 G ^{J)- Note that this formal adjoint 
may not be densely defined (it may even have trivial domain) . Similarly we may consider formal 
adjoints of operators densely defined on ^(J). 

For all aforementioned Hilbert spaces X = t)N, Hn, h-, 'H,'On, T^n, f , ^ we will use the shorthand 
notation X = X{J) if J is clear from the context. 

2.1.2 Periodicity and boundEiry conditions 

The A^-particle sector of the Fock space associated to the system on a circle of circumference L 
is obtained by imposing L-periodicity on the elements of the A^'-particle sector ()Ar(lR) and hence 
given i.e. the Hilbert space of (symmetrized) L-periodic square-integrable 
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functions: M''^ C. Alternatively, we may define these A/"-particle sectors in terms of the 
AT-particle sectors for the bounded interval J = [—L/2, L/2] and use the Hilbert space 



note that this does not depend on our particular choice^ of J. The same discussion applies to 
the subspaces of symmetric functions. 

Because of the physical interpretation of elements of a Hilbert space H as probability amplitudes 
in quantum mechanics (i.e. their squared absolute values are probability densities for quantum 
particles; this is also the reason why functions are used), we are only interested in the 
subspacc [F : i^|9Dom(F) = i-^- the set of functions which vanish at the boundary of 
their domain. This is a closed linear subspace, and hence a Hilbert space in its own right. 

• For J = M, F G HNiJ) = L^(M^) implies lima;^.^oo -P'(iK) = and hence all elements of 
the Hilbert space are physically meaningful. 

• However, in the Hilbert space Hn{[—L/2, L/2]) with L G M>o, this subspace is 



a subspace of the Hilbert space of L-periodic functions. It turns out that in this case it is 
often more natural to study the subspace of H(J) of L-periodic functions. 

2.2 Quantum field theory 

In the standard setup of the QISM [17, 36] the Hamiltonian and the monodromy matrix for the 
QNLS model are introduced as expressions in terms of quantum field operators. We will briefly 

highlight some basic notions of non-relativistic quantum field theory (the formalism known as 
"second quantization" ) . 



^Another common choice is J = [0, L]. The choice J = [—L/2, L/2] has the benefit that, again, certain 
adjointness relations can be expressed more conveniently and that at least formally the system with J = R is 
recovered in the limit L oo. 



{ / G Otv : Vx G J^, Vj, f{x)\,^=-L/2 = f{x)\.,=L/2 } 



{ F G Hn{[-L/2, l/2]) : F\,.=±l/2 = for all j = 1, . . . , iV 



} 
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CHAPTER 2. THE QUANTUM INVERSE SCATTERING METHOD 



Notation (Deleting and appending single variables). Let N be a nonnegative integer. 

• Let X = {xi, . . . ,xn) € and y G J. Then {x,y) = {xi, . . . ,XN,y) € J^~^^ and 

iy,x) = {y,xi,...,XN) e J-^+^ 

• Let X = {xi, . . . jXjv+i) G J^~^^ and j = 1, . . . ,N + 1. Then 

Xj = {Xi, . . . ,Xj, . . . ,XN+l) = {Xi,. . . ,Xj-i,Xj+i,. . . ,XN+l) G J^- 



For each y G M two quantum fields $(y), ^*{y) are introduced as End(P)-valued distributions, 
given by $(y)(Po) = and 

my)F) (x) = VN + lF{x,y), for F G Vn+i,x G J^, 

. N+i (2.2.1) 
($*(y)F) (a;) = ^=== J2 ^iv " ^.O^l^i)- ^r FeVN,xe J^+\ 

for any positive integer N. These definitions can be made rigorous using so-called smeared fields, 
for which we refer the reader to [51]. The key properties of the quantum fields is that they are 
formally adjoint and satisfy the canonical commutation relations: 

mx),^*{y)] = S{x-y), [$(x),$(y)] = [$*(x),$*(y)]=0 {x,y e J). 

The quantum fields can be differentiated (in a distributional sense): 

{dy^{y)F) (x) = VN^dyFix,y), for F G Vn+i,x G M^, 

, N+l 

idy^*iy)F) (x) = J2 ^'(y - ^jM^j)^ for FeV^,xe M^+\ 

Note that S', the distributional derivative of the Dirac delta, is characterized by {S',F) = 
- (S, F') = -F'{Q) for all F G Pi. 

2.2.1 The Hamiltonian 

We can (formally) express the QNLS Hamiltonian (1.1) from the Introduction as follows 

H'y = J^dx ((5^$*)(x)(5^$)(x) + 7$*(x)2$(x)2) . (2.2.2) 

In fact, Hj is an operator- valued distribution densely defined on End(P). Prom Eqn. (2.2.2) 

it follows that Hj is formally self-adjoint^. The derivation of Eqn. (2.2.2) uses that, for all 

^We recall that H-y with a suitable choice of domain is essentially self-adjoint [12]; in the case of bounded J we 
recall the statement from Subsect. 2.1.2 that one needs to consider the subspace of HiJ) of functions satisfying 
L-periodic boundary conditions 
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FeV^ andxe , 

J^dx {d,^*ix)){d,^x)) = -A, 
{^*{yfHyfF) (x) = Y,diy- x,)5iy - Xk)F{x^^j^, y, y) 

Remark 2.2.1. The convention to write <I>*(x) (and any of its derivatives) to the left of (p{x) 
(and any of its derivatives) is called normal ordering. Physically this is required so that the 
system reproduces the correct ground-state energy. Note that Eqn. (2.2.2) is what one would 
obtain by quantizing the Hamiltonian of the classical non-linear Schrddinger ( CNLS) model using 
normal ordering: 



7 

This explains the name "quantum nonlinear Schrddinger model". We also note that the CNLS 
model can he solved by the classical inverse scattering method. 

2.2.2 The monodromy matrix and the transfer matrix 

In the introductory remarks at the start of this chapter we touched upon an object called the 
monodromy matrix as an important tool to study the QNLS model. Here we will make this 

more precise. We will first define the monodromy matrix and then show that it is an important 
tool in solving the eigenvalue problem of the QNLS Hamiltonian. Define the (local) Zl-matrix 
for the QNLS as 

A(x)= I "'^/^ ^^*^^)\ (2.2.3) 

Using the time-ordered exponential [36,52,54] we can (formally) construct the (non-local) mon- 
odromy matrix 7a, an operator on End(C^ (g) T-L) densely defined on End(C^ (g) T>): 

Tx= ■.e-Kv+ j dxLxix): = / d"a; : ^(a^n) • ■ ■ >Ca(xi) : (2.2.4) 

where : . . . : indicates that normal ordering of the quantum fields 3**(x), $(x) is applied. That 
is, when expanding the product of matrices jC\{xn) ■ ■ .JCx{xi), in the resulting expressions any 
$*(x) is moved to the left of any $(y). 



The monodromy matrix is a 2x2-matrix with entries given by: 
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We will see in Prop. 2.4.2 (iv) that the matrix entries of 7a are bounded on the dense subspace 
"Hfin; which implies that 7a can be viewed as an element of End(C^ (g) H). 

The transfer matrix is obtained by taking the partial trace over of the monodromy matrix: 

Ta = TVc2 Ta = ^A + Dx. (2.2.5) 

Wc will see in Section 2.4 that Ax and Dx have the same dense domain T> so that Ta is also 
densely defined. Prom Cor. 2.4.3 we know that for J bounded and A € M, Ta is self-adjoint. 
Furthermore, in Thm. 2.4.8 we will see that for all A,/i G C, [Tx,Tf,] = 0, and in Thm. 2.5.7 
that '^x '■= Bxf^ ■ ■ ■ Sai^0 is an eigenfunction of T^, assuming that A satisfies certain conditions. 
Dorlas [12] has shown that the are a complete set in Hn- 

The importance of the transfer matrix, and hence the monodromy matrix, to the study of the 
QNLS Hamiltonian H^ follows from the following argument (e.g. see [36]). The Hamiltonian 
Hj is a linear combination of the coefficients obtained by asymptotically expanding T^^, i.e. by 
expanding in powers of fj, in the limit /x — > ioo. Then expanding [TxjT^] = with respect 
to /i implies that these expansion coefficients commute with Tx- Hence, we obtain [Hj, Tx] = 0. 
More precisely, 

log (e^'^^/^ T,) '^ri- ^i^M + (^H^ - ilif[ol) + 

+ 1^ (hI^^ - iT^W - ^i^?) + Oi^,-% (2.2.6) 
where h!^^ = Hj and we have introduced the number and momentum operators 

M°l = / dx$*(x)$(x), H[^^ = -i[ dx^*(x)^^x). 
^ Jj ^ Jj dx 

These three operators are part of an infinite family of operators H^\ for n = 0, 1, . . ., which 

can be recovered recursively by calculating coefficients for higher powers of //~^ in Eqn. (2.2.6). 

There exists a formalism [24] for expressing all in terms of the Bose fields <5(x), <I>*(x). 

Alternatively (again see [36]) the H^^ can be rigorously defined by their restrictions to T-Ln', for 

this purpose consider the n-th power sum polynomials defined by 

N 

Pni\i,...,XN) = Y,yi. (2.2.7) 

Then we have 

N 

^["1 = Pn(- i 5i, . . . , - i a^) = 5^(- i djT, (2.2.8) 
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together with the higher-order derivative jump conditions at the hyperplanes: 



J K 



21+1 



2j{dj-dkr\v, 



for 1 < 2/ + 1 < n - 1. 



It follows from the above that the H!y ' all commute with Tx and hence with each other and with 
H^. Therefore they can be interpreted as integrals of motion. 

2.3 The 7?.-matrix and the Yang-Baxter equation 

The monodromy matrix satisfies the (quantum) Yang-Baxter equation (QYBE), which involves 
another operator called the (QNLS) TZ-matrix. 

Definition 2.3.1. Let\eC\ {0} and 7 G M. Then 



where V G End(C^ ® C^) is the permutation operator: V(vi V2) = V2 Vi for Vi,V2 G C^. 

Remark 2.3.2. This particular TZ-matrix is relevant not only to the QNLS model, but also 
appears in other contexts such as the XXX model [6] and the Toda chain [58]. These models are 
therefore algebraically related. 

Note that TZx is invertible unless A = ±17; for these singular values of A we see that TZ+i-y = 
1 (8) 1 T is proportional to a projection. In general, TZ\7Z^x = ^ . It can be easily checked 
that, for distinct nonzero X, /j, e C, TZ satisfies: 



(7^A_^)l2 (^a)i3 (^m)23 = (^m)23 (^a)i3 (^A-,.)i2 ^ End(C2 ® ® C^). (2.3.2) 



The subscript ij indicates which embedding End(C^ (g) C^) End(C^ (g) (g) C^) is used. 

Remark 2.3.3. Eqn. (2.3.2) has many solutions, amongst which the TZ-matrix defined in Defn. 
2.3.1 stands out as the simplest nontrivial one. 

2.3.1 The Yang-Bcixter equation 

We will now outline the method used in [26] and [36] to derive the QYBE, an identity involving 

the 7^-matrix and the monodromy matrix T- Since T is defined in terms of the /2-matrix, it 
makes sense to establish first a more basic identity involving TZ and C For notational convenience 
we introduce the standard basis of 5(2: 



7^A = 1 (g 1 - G End(C2 C^), 



(2.3.1) 
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satisfying the sfe-relations [cr2,cr±] = ±2a±, [a^,a-] = (Tz- It can be checked that 

7^ = ^(1 (g) 1 + 0-2 (g) (T^) + (7+ (g) (7_ + (T_ (g) (7+. 

Lemma 2.3.4. Let A,/x G C be distinct. Then 

Tlx-u. (1 + Cx{x) (g 1 + 1 (g C^{x) + 7cr_ (g cr+) = 

= (1 + Cx{x) (g 1 + 1 (g + 7(7+ (g (7_) 7^A-^ G End(C^ (g (g H). (2.3.3) 

Proof. Expanding the identity by powers of 7, we see that the statement follows from 

[V, Cx{x)(^l + 1® C^{x)) = i(A - ij) (a+ (g a_ - a_ (g a+) , 
which is a consequence of the elementary identities 

V {Cx{x) ® 1) - (1 ® C^{x)) V = --^^^V (a, ® 1) , 

p (1 (g /:^(x)) - (/:a(x) (g 1) p = ^^^^^ (a. (g 1) 

[(C7^ (g 1) , T'] = 2 (0-+ (g £7- - £7- (g £7+) . □ 

Theorem 2.3.5. [26,36] Let X,fieC be distinct. Then T satisfies the quantum Yang-Baxter 
equation^ ; 

^A-M (Tx ^ 1) (1 ® = (1 ® r^) (Ta (g 1) 7^A-;, G End(C2 ® H). (2.3.4) 

Pr-oof. We explain the basic idea of the proof, referring to [26, 36] for details. The interval J 
is split into subintervals; the monodromy matrix is redefined for each subinterval allowing the 
original monodromy matrix to be written as a product of monodromy matrices for subintervals. 
The key step is to use the "local" equation Eqn. (2.3.3) and integrate it over each subinterval. □ 

We will now study the four matrix entries of 7a iu more detail; in particular, we will study their 
commutation relations which are encoded in the QYBE (2.3.4). 

2.4 The Yang-Baxter algebra 

Let A G C and J = [— L/2, L/2] with L G M>o- The following expressions for the matrix entries 
of 7a, densely defined on each Pjv, are well-known [26, Eqns. (6.1.6)-(6.1.7) and Eqn.(6.1.13)]. 

N 



Ax = e-^^^/2 y ^„ f ^2ny^-iXT.]l,{-^yy. 

I j2n 

n=0 ''^ 





( 2n \ 


^ 2n \ 




n ^*(y^n 


n $(?/,) : Piv ^ Un, (2.4.1) 




\j odd / 


\j even / 



''it is also known as the exchange relation or simply the TZTT -relation. 
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AT / 2n+l \ / 2n+l ^ 

^A = E77,„,,d2"^^l/e-'^S?^i^(-^)^-^ n^*(%) n^(2/i) --^N^nN-,!, (2.4.2) 

n=0 •^•^+ \ J=i / \ i=i J 

\j odd / \j even / 

N „ ( 2n+l \ ( 2n+l \ 

n=0 •^■^+" \ j=i /I j=i / 

\j even / \j odd / 

N „ ( 2n \ ( 2n \ 

^^^giAL/2^^„/ ^^2„^giAE|=i(-iy2/. n n ^(yi) :^JV^WiV. (2.4.4) 

n=0 •^'^+" \ 3=1 / I i=i / 

\j even / \j odd / 

To obtain explicit expressions for these, it is beneficial to introduce unit step functions. The 
one-dimensional unit step function : M ^ {0, 1} is defined by 



e{x) = < 



1, X > 0, 
0, X < 0. 



The multidimensional unit step function : — >■ {0,1} is given by 9{x) = 11^=1 ^(^j)- 
Furthermore, 9{x\ > . . . > xtv) is shorthand for 0{xi — X2, X2 — x^, . . ■ ,xn-i — xn)- 

Example 2.4.1 (A'' = 2). The definitions in Eqns. (2. 4-1-2. 4-4) yield the following for the case 
N = 2: 

^Ak =e-'^^/' {^ + 1 dyidy2e'^(^i-^^)$*(yi)$(y2)+ 

W j^^ dyi dy2 dys dy4 e'^^v^-v^+y^-y^) $*(|/i)$*(y3)$(y2)<I>(y4) j , 

Bx\v, = f dye'^y $*(y) + 7 / dyi dy2 dy^e'^^y^-y^+y^^ $*(?/i)$*(y3)$(y2)+ 
J J Jjl 

+ 72 / dyi dy2 dya dy4 dys ei^(^i-2'2+^3-2/4+2/5) ^*{y^)^*{y^)^*{y^)^{y2)^y4) 
Jjl 

Cx\vs= [ dye-'^y^y) + j [ dyi dys dya e^^(-^^+"^ ^*(y2)^(yi)^(y3)+ 

+ 72 / dyi dy2 dys dy4 dyg e'^(-2'i+2'2-2/3+2/4-2/5) $*(y2)$*(y4)$(yi)$(y3)a>(y5) 



I)a|2?2 = e^^^/' (^ + ^ dyidy2e^^(-^i+^^)$*(y2)<I>(yi)+ 

W dyidy2dy3dy4e'^(-^i+f2-f3+2'4)$*(y2)$*(y4)$(yi)$(y3)j . 

Focusing on the expression for Ax, from Eqn. (2.2.1) we have 

($*(yi)$(y2)F) (xi,X2) = '^(yi-a;i)F(x2, y2) + 5{yi-X2)F{xi,y2) 
($*(yi)$*(y3)$(y2)$(y4)F) {xi,X2) = 5{yi-xi)5{y^-X2)F{y2,yi) + 5{yi-X2)5{yz-xi)F{y2,yi), 
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for F eT>2, so that 
{AxF){xi,X2) = 

= e- ' [f{xi,X2) + 1 j^^ dyi dy2^(yi > ^2) ^^^^ "^^^ <5(yi - xi )F(x2 , ^2) + 
+ 7 / dyidy2%i>y2)e^^(s'i-S'2)(^(yi-X2)F(xi,y2)+ 

+ 72/ dyi dys dys dy4^(yi > 2/2 > 2/3 > Va) e' ^(^'i -2/2+2/3-2/4) -xi)5(2/3 -X2)F(y2, ^4) 
+7^ / dyidy2dy3dy4^(yi>y2>y3>y4)e^^(^^~^'+^'~^*^ '5(yi-iC2)<5(y3-xi)F(y2, ^4) 
= (^F(xi, X2) + 7^1 dyeixi>y) e'^^^^'-^^ F{x2, v) + 1 dy9ix2>y) e^^^^^-y) F{xi,y)+ 

+ 7^ / dyidy2^(xi>yi>X2>y2)e'^(^i+^2-^i-2'2)F(yi,y2) 
W j^^ dyi dy2^(x2 >yi >xi >y2) e^^^^i+^^-^/i-^/^) F(yi,y2)) 
^g-iAL/2 j i7(a;i,x2) + 7 / ' dye'^(^i-2')F(x2,y) +7 / ' dy e^^^^^-y) ^(^.^^ 

\ J-L/2 J-L/2 



-L/2 J-L/2 



+ 7' / dyi / dy2 e^^^-i+-^-^^-^^^ 2/2) 

Jx2 J-L/2 

+7M dyi / dy2e'^("i+^^-«i-s'2)F(yi,2/2) . 

We will provide explicit integral formulae such as the one for A\ in Example 2.4.1 shortly. First 
we highlight 

Proposition 2.4.2 (Properties of A\, B\, C\, and D\). Let A G C. 

(i) We have 

Ax{Vn),Dx{Vn)^Hn, Bx{VN)cnN+i, Cx{Vn) CHn-u Ca(^o) = 0. 

(ii) Ax and are formally adjoint, as are Bx and C^. 
(in) The actions of Ax, Bx, Cx, Dx on ^'g are as follows: 

(iv) Crucially, the operators Ax, Bx, Cx and Dx are bounded on T-Lun if J is bounded. More 
precisely, let Aq G M and L G M>o . Then 

<c(^°+H^)^, if -Ao<ImA, 

II^aIh^II, \\Cx\nJ < iV\/Le(^«/2+l^l^)^, if - Ao < ImA < Aq, (2-4.5) 

pAk.||<e(^°+l^l^)^, ifImA<Ao. 
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In particular, for A G M we have 

||AAk.||,||i^Ak.|| <eN^M|B,|H,||,||CAk.|| <ivVZeN^^ (2.4.6) 

(v) Furthermore, we can express Ax and Dx in terms of Bx, and Cx in terms of Ax or Dx, 
as follows: 

Ax = m-L/2),Bx], Dx = mL/2),Bx], Cx = - [^1/2), Ax] = - M-L/l), Dx] . 

7 7 

Proof. Properties (i)-(iii) follow immediately from Eqns. (2.4.1-2.4.4). To establish property 
(iv), we refer to [26, Props. 6.2.1 and 6.2.2] for the details of the proof of the norm bounds for 
Ax and Cx- Hence ^4^ (on any half-plane ImA > — Aq) and Cx (on any "strip" |ImA| < Aq) can 
be uniquely extended to bounded operators defined on each Hn- These have bounded adjoints 
defined on each ^jv, of which Dx and Bx must be the restrictions to T>, because of property 
(ii). Since the adjoint of a bounded operator is bounded, we obtain the norm bounds for Dx 
(on the half-plane ImA < Aq) and Bx as well. For A G M, the norm bounds for ^4^, Bx, Cx, 
and Dx follow immediately. For property (v), we remark that since the operators Ax, Bx, Cx 
and Dx are bounded they can viewed as endomorphisms of H. Then the desired result follows 
immediately from Eqns. (2.4.1-2.4.4). □ 

In view of property (i) we will refer to Bx as the QNLS (particle) creation operator. Combining 
properties (ii) and (iv) we obtain that 

= D-x, Bl = C-x. (2.4.7) 

Eqn. (2.4.6) yields that Tx = Ax + Dx is bounded on each Hn, and hence its unique extension to 
is continuous. From property (ii) it follows that Tx is formally self-adjoint; by the continuity 
of the inner product its extension to ^ at is also formally self-adjoint, and hence self-adjoint. 
We have obtained 

Corollary 2.4.3. For J bounded and A G M, T\ is bounded and self-adjoint on T-Lnn- 

2.4.1 Integral formulae for the entries of the monodromy matrix 

To understand the matrix entries of T better, we study their action on T-Ln- Let A'^ and n be 
nonnegative integers with n < N. Define the following sets of multi-indices 

= { i G {1, . . . , Nr : for / / m, n / i„ } , (2.4.8) 
3% = {i e {1,. . . ,Nr : i, < . . . <in} Ci%, (2.4.9) 
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of n-tuples consisting of distinct and increasing elements from the index set {1, . . . , N}, respec- 
tively. 

Notation (Deleting and appending multiple variables). Let X be a set; let N and n be 
nonnegative integers with n < N. 

• Given x = {xi, . . . , xjv) € and i G i^. There is a unique element j — (jij • • • jjn) € 
'^N ^ SN{i)- We write 

In other words, xi is the element of X^~^ obtained by deleting those Xj with j = im 
for some m. 

• Also, given x G X^ and y = {yi, . . . ,yn) G X"' for some positive integer n, then 
{x,y) = {xi,...,XN,yi,---,yn) e 

Notation (Integral limits). Let N and n be nonnegative integers with n < N and let L G 
M>o. Whenever i & i% and x G [— L/2, L/2]^, we will use the conventions that xiq = L/2 
and Xi^j^^ = ~L/2; this facilitates the notation of certain integrals. 

Let J C M be a bounded or unbounded interval. For any set X C , denote by xx the 
characteristic function of X. Furthermore, we will use the same notation xx to denote the 
multiplication operator acting on J^{J^) or J'{J^g) by sending f to x ^ xx{x)f{x) (for 
X G or a; G J^^, respectively). To define (possibly unbounded) operators on T-Ljm it is 
sufficient to specify the resulting function in the set and then symmetrize to by applying 
Swe5jv Xw-'^ ^•-'^ each a;, only the term with wx G survives. Moreover, one can extend 
the resulting function to the entire hypercube such that the extension is continuous at the 
hyperplanes Vj ^ (the limits — >■ Xj in both domains Xj ^ x^ are identical due to symmetry) . 



Definition 2.4.4 (Elementary integral operators). Let A G C, J = [—L/2, L/2] with L G M>o 
and n = 0, . . . , N . Define the elementary integral operators, 



E 



E 



± 



Ex;i = Ex;ii ...in '■ 



UN^nN+i, foriGa^+\, 

Un T-Ln, for i G 3n, 
Un+i Un, for i G 3%, 



> for n = 0, . . . , iV 



(2.4.10) 
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by the following formulae. For F eVn, x E J^'^^, i G ^jVM_\ we have 

[E^;iF^ {x)=(fl dy^ ) ^(^-=1 "^-=1 F (a;?, yi , . . . , y„) ; 

/or F G Pat, G and i e 3^ we have 



,yi,-- ■,yn) 



\m=l -^^^im+l / 

\m=l -^^'m / 



and for F G Pat+I; a; G Jjj^ and i G we /io?;e 



[Ex-iF) ix)=lf[ r"^~' dym] e^H^-=i -^--S;^t\ F (a^j, yi, . . . , y„+i) . 

\m=l "'^im / 

Prom Eqns. (2.4.1-2.4.4) the following expressions can be deduced (see e.g. [26]): 

AT 

= E ^" E ^Ji ■ (2.4.11) 



n=0 ieJ^ 



^^ = ]^E^" E Un^Un+u (2.4.12) 



n=0 ,-<=T»+i 
AT 



= (iV + 1) ^ 7" ^ : Hiv+i ^ Un, (2.4.13) 

n=o ieajy 



AT 



= E ^" E ^A;i : T<N -Hn, (2.4.14) 

n=0 iGJ^ 

where A G C. We have changed the muhiphcative factor of B\ from ^^r^i^ to ^y^, and similarly 
for Cx from \/N + 1 io N + 1. This corresponds to conjugating the monodromy matrix by a 

matrix of the form uj'^'' = [ ) . Because 7i\ commutes with (u'^' (g) 1) (1 (g) oj'^") the YBE 

(2.3.4) is preserved and hence this formalism describes the same physical system. 

Example 2.4.5 (iV = 2, continuation of Example 2.4.1). We present the explicit formulae 
for the action of the matrix entries of T\ on suitable functions F restricted to the appropriate 
fundamental alcove. For F G P2 (ind (xi,X2) G J\ (i.e. L/2 > xi > X2 > —L/2) we have 

{AxF){xi,X2)=e-'^'''^ \F{xi,X2)+ir dye'^M F(x2,y)+ 

\ J-L/2 

dye'^("2^)F(a;i,y)+ 

-L/2 

^ / dyi / dy2e'^(-^+-^-^i-^^)F(yi,y2) , 

Jx2 J-L/2 J 



+ 7 
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pL/2 

+ 7/ dye^^(^2^)F(xi,y)+ 

J X2 

J X\ J X2 I 



For F GV2 and {xi,X2, X3) G J^. we have 



{BxF){xi,X2,X3) = ^ F{x2,X3) + e'^^^ Fix^xa) + e'^^^ F{xi,X2)+ 

fXi rxi 
Jx2 JX3 

rx2 

+ 7/ dye'^(^2+^3-2/)^(a.^^y)+ 

Jx3 

+ 7' dyi r dy2e'^^-^+-^+^'-y^-y^^ Fiyi,y2)) , 

J X2 J X3 / 



1X2 •IXZ 

and finally for F G D3 and {xi,X2) G Jl we have 



{CxF){xi,X2) = sl dye-'^yF{xi,X2,y)+ 

\J-L/2 

+ 7/ dyi / dy2e'(^i-fi-^2)F(a;2,yi,y2)+ 



r-L/2 /-xz 



+ 7/ dyi dy2e'("i-^2)F(a;i,yi,2/2) + 

Jx2 J-L/2 

rL/2 f'Xi f'X2 \ 

W / dyi / dy2 / dys e^M-i+a..-,i-,.-j/3) F(yi, ys, ys) 

Jxi Jx2 J-L/2 J 



Because of the above representation of the operators A\, B\, C\, D\ as integral operators we 
shall also refer to them as the QISM integral operators. 

2.4.2 Commutation relations between the QISM integral operators 

Having established in Prop. 2.4.2 (iv) that Ax, B\, Cx, Dx are bounded in "Hfin, wc consider 
the subalgebra of End('H) generated by them and refer to it as the (symmetric) Yang-Baxter 
algebra for the QNLS. Immediately from Thm. 2.3.5 we have 

Corollary 2.4.6. For all choices of ji,ki,j2,k2 G {1,2} and all X, fj, E C, X ^ fi we have 

7^.1^1^ 7^.2 fc^j = (tI'^'T^^^^ - 7^'"'^'"') ; (2.4.15) 
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i.e. we have 



[Ax,A^] 


= [Bx,B^] = [Cx,C^] = [Dx,Di,] = 




[Ax,B^] 


= -^^{BxA^-Bi,Ax), 


(2.4.16) 


[Ax,C^] 


= ^^{CxA^-C^Ax), 




[Bx,A^] 


= -^^{AxB^-A^Bx), 


(2.4.17) 


[Bx,D^,] 


= ^ {DxB;, - D^Bx) , 


(2.4.18) 


[Cx,A^] 


= ^{AxC^-A^Cx), 

A — /i 


(2.4.19) 


[Cx,D^] 


= -^{DxC^-D^Cx), 




[Dx,B^] 


= {BxD^ - B^Dx) , 

A — fl 


(2.4.20) 


[Dx,C^] 
[Ax,Di,] 
[Dx,A^] 


= -^{CxD^-C^Dx), 

A — fJj 

= x_ ^ {BxCn B^Cx) , 
= . (CxB^ C^Bx) , 

A — 


(2.4.21) 


[Bx,C^] 


= -Y^{AxD^-A^Dx), 

A — jJi 


(2.4.22) 


[Cx,B^] 


= -^{DxA^-D^Ax). 

A — jJi 


(2.4.23) 



We will at times refer to these identities by the letters of the operators appearing in the com- 
mutator on the left-hand side of the equals sign. For example, the AS-relation is the relation 
labelled (2.4.16) and is the relation used to move an A-operator past a B-operator from left to 
right. We make the following observations. 



• The DD- and CC-relations are the (formal) adjoints of the AA- and i?iJ-relations, respec- 
tively. There is a subtlety in the derivation of these relations from Cor. 2.4.6. For example 
for the AA- relation one obtains {\ — iJ,-\-\^)[Ax, A^ = 0, so that an additional assumption 
A — 7^ — i7 seems necessary. However, by swapping A and ^ this can be overcome. 

• The BD-, DB-, CD- and DC-relations are the adjoints of the AC-, CA-, AB- and BA- 
relations, respectively. 

• The AD-, BC-, CB- and DA-relations are formally self-adjoint. 

It is easily checked that the SA-relation is equivalent to the AS-relation; similarly, the BD- 
relation to the DB-relation. More generally, we have 
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Lemma 2.4.7. Let A,/x be distinct complex numbers, and X and Y parametrized elements of 
an associative algebra over C satisfying 

[Xx, Y^] = /iA-M (XxY^ - ^m^a) 
for some h : C\ {0} — >■ C \ {0} : z ^ hz satisfying h-z = —hz- Then 

[Yx, Xf,] = hx-f, {YxX^ - Y^Xx) . 

Proof. Note that it follows immediately that [Xx, Y^] = [X^, Yx] We may write 

[Yx, X^] = -[X^, Yx] = - Va (X^Yx - XxY,,) 

= hx-^ {[X^, Yx] + YxX^ - [Xx, Y^] - Y^Xx) = hx-^ (^^m - ^m^a) ■ □ 

2.4.3 Integrability of the QNLS model 

Referring back to the discussion at the end of Section 2.2, we now formulate the condition from 
which the integrability of the QNLS model follows. 

Theorem 2.4.8 (Commuting transfer matrices). Let A, G C. Then [Tx,T^] = 0. 

Proof. We may assume X ^ fi. In view of [^4^,^^^] = [I?A)-D^] = 0, it is sufficient to prove that 
[Ax,Dij] = —[DxjAfj] = [A^jDx], i.e. that [Aa,D;/] is invariant under A -H- /x. This follows 
immediately from Eqn. (2.4.21). □ 

Let ^ G M. From Cor. 2.4.3 and Thm. 2.4.8 it follows that we have a commuting family of self- 
adjoint operators T^, they have common eigenfunctions, necessarily independent of the spectral 
parameter /x. We will now construct these eigenfunctions. 

2.5 The Bethe wavefunction and the algebraic Bethe ansatz 

We start this process by using the operators Bx to construct from an element of Ho an element 
of T-Ln, i-e. a wavefunction representing an iV-particle state. 

2.5.1 The Bethe wavefunction 

Introduce the set of complex regular vectors 

C^^g = {AGC^:A,-7^Afc ifj^k} 
and recall the pseudo- vacuum ^'g = 1 G Ho = C 
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Definition 2.5.1 (Bethe wavefunction). Let A = (Ai,...,Ajv) G C!^g. We define the Bethe 
wavefunction as 

Remark 2.5.2. Note that the Bethe wavefunction is an N-particle wavefunction since we have 
applied the QNLS particle creation operator N times to the pseudovacuum ^'g . By virtue of the 
relation [Bx,Bfj,] = 0, the order of the product of the B-operators does not matter and hence 
for any w E Sn, ^\ = '^wXj so ^\ is a wavefunction describing a system of bosons. If J is 
bounded, we will see that further conditions need to be imposed on X in order to make an 
eigenfunction ofT^. The wavefunctions '^x will turn out to be nontrivial linear combinations of 
plane waves with wavenumbers given by permutations of A; the interaction between the particles 
is encoded in the combinatorial nature of the coefficients of the Bethe wavefunction. 

Let (Ai, . . . , Aa?+i) <e C^cg^- Immediately from its definition we have the following key property 
of the Bethe wavefunction '^x: 

*Ai,...,A^+i =Sa^+i^Ai,...,A;v (2-5.2) 

2.5.2 The Bethe ansatz equations 

Let L G M>o and 7 G M. The Bethe ansatz equations (BAEs) for A G C-^ are 

eiA.L^-Q A,-A, + i7 ^ fori = l,...,iV. (2.5.3) 

Let A G be a solution of the BAEs (2.5.3). Then it is easily checked that A satisfies the 
following conditions. 

(i) For any w G Sn, wX is a solution. 

(ii) For any integer m, A + ^ml is also a solution, where 1 = (1, . . . , 1) G C^. 

(iii) The quantity YljLi is an integer multiple of 27r/L. 

Remark 2.5.3. The latter statement is physically relevant as it indicates that the total momen- 
tum is quantized. 



Lemma 2.5.4. [36] Let 7 > 0. All solutions X of the BAEs (2.5.3) are in M^. The set of 
solutions is injectively parametrized by and hence there are infinitely many solutions. 
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Outline of proof. We refer to [36] for the detailed proof. The reahty of the solutions of the BAEs 
can be obtained by a straightforward estimate on the imaginary parts of the Xj, where one uses 
that 7 is positive. The existence of solutions, as well as the parametrization, follows by recasting 
Eqn. (2.5.3) in logarithmic form; this gives 

^ /A -A \ 
LXj + ^ 2tan-i ( ^ ] = 27rnj, for j = 1, . . . , N, 

k=l \ 7 / 

where the rij are integers if A'^ is odd and half-integers if N is even. One then makes use of the 
fact that these equations also form the extremum condition for the so-called Yang- Yang action 



^=§E\-2.^n,A, + ^ E / d^tan-(^)- □ 

j=l j=i i<j¥fe<iv ° ^ 



Let A G CiY„. Introduce the short-hand notation 

leg 



N . 



j=i ^ 
note that e ^^((C \ {jj})^) is S'Ar-invariant. 

Lemma 2.5.5. Let L e M>o, 7 G M and X G . The BAEs (2.5.3) is equivalent to the 



conditions 



e'^^^ = ^7^, fori = 1,..., AT, (2.5.5) 

^a",. (^i) = e'^^"^ r^, (Aj), for j = 1, . . . , A^. (2.5.6) 

Proof. For the case 7 = the claims are immediate; suppose now that 7 7^ 0. The equivalence 
of the BAES with Eqn. (2.5.5) follows immediately from the condition that A G C^g. As for 
Eqn. (2.5.6), it is certainly necessary for Eqn. (2.5.5); it is also sufficient since \j — A^ — 17 
cannot occur for any pair j, k, as we prove now by supposing the opposite. Starting with such 
a pair, using Eqn. (2.5.6) one constructs a sequence {ji)i>\ where for all Z, ji G {1, . . . , N} and 
Xji — Xjij^-^ = i 7. From the existence of Z < m with ji = we obtain = Aj; — Xj^ = (m — Z) i 7, 
in contradiction with 7 7^ 0. □ 



2.5.3 The algebraic Bethe ansatz 

The central idea of the ABA is to impose the Bethe ansatz equations on A to obtain an eigen- 
function of the transfer matrix [36] . The following result is essential. 
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Proposition 2.5.6. Let L G M>o, jER and {X,fi) G C^+^ Then 

A^^^ = r+{X) e-'^V2 + T,+. (Aj) ^ e^^^' (2.5.7) 

J=i ^ 

N 

D^^^ = r-{X) ei'^V2 _ ^ ^- (Aj)-^ c^^^^Z^ M^;,^.,^. (2.5.8) 

Proof. By induction; for iV = the statements are trivially true. We will complete the proof 
by showing that the statement for holds "as is" if the statement holds with N ^ N — 1. 
Writing A' = (Ai, . . . , Ajv-i), we have that *a = Bx^^^y- Prom Eqn. (2.4.16) we have 

An — n An — IJ- 

The induction hypothesis yields 

(AT-l 

= r;(A) + r+^(A')^^^ e-'^-^/2 ^+ 



j=i 



Using that 



AAr-/^-i7 17 _|_ 17 17 _AAr-Aj-i7 17 



\n ~ m ~ Atv ~ Aj — Ajv Atv ~ Aj Aj — /i 
we obtain Eqn. (2.5.7). The proof for Eqn. (2.5.8) goes analogously, using the commutation 
relation Eqn. (2.4.20) instead of Eqn. (2.4.16). □ 

Now we can state and prove 

Theorem 2.5.7 (Spectrum of the transfer matrix). Let L G M>o, 7 G M and {X,fi) G C^+^. 
Then ^\ is an eigenfunction of the transfer matrix T^ with eigenvalue 

T,{X)=e-'^^l-'T;{X) + e'^^/^T^{X) (2.5.9) 

precisely if X satisfies the BAEs (2.5.3). 

Proof. Prop. 2.5.6 allows us to write down a formula for {A^ + D^)'^x. Consequently the 
necessary and sufficient condition for being an eigenfunction is that for all j = 1, . . . , A'^, 
r^.(Aj) = r^.(Aj) e'^J^. By virtue of Lemma 2.5.5, this is equivalent to the system of BAEs 
(2.5.3). □ 
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Remark 2.5.8. The restriction X G C^g in Thm. 2.5.7 is important: it has been shown ([36, 



Section VII. 4] and [32]) that a Pauli principle holds for the QNLS model (and, more generally, 
for any one- dimensional interacting quantum system): one can show that eigenfunctions of 
T^ where some of the Xj coincide do not exist. 

Example 2.5.9 {N = 2; the algebraic Bethe ansatz). We recall from Example 1.2.1 that 



*Ai,A2|r2_ = 2 



Ai - A2 -i7 gi(Aixi+A2X2) I Ai - A2 + i7 gi(A2a;i+Aix2) 
Ai — A2 Ai — A2 



and the reader should check that this equals Bx^Bx^^fj^. The statement in Prop. 2.5.6 for the 
case N = 2 reads 

^ Ai-A2+i7 i7 ^-iA,L/2 ^^^^^ ^ Ai-A2-i7 n ^-iX,L/2 ^^^^^ 

Ai — A2 Ai — ' Ai — A2 A2 — 

i^„*A..., = Ai->. + i7A.-M + i7 ^,„./. 

_ Ai-A2-i7 17 AiL/2 ^ _ Ai-A2 + i7 n A2L/2 ^ _ 
Ai — A2 Ai — // ' Ai — A2 A2 — /X 

In order for ^Ai,A2 be an eigenfunction of Tx = Ax-\- Dx it is clear that it is necessary and 
sufficient that 

Ai-A2 + i7 ^-iAiL/2 ^ Ai - A2 - i7 ^iAiL/2 

Ai — A2 Ai — A2 

Al - A2 -i7 ^-iA2L/2 ^ Ai - A2+i7 ^iA2L/2 



i.e. that 



Ai — A2 Ai — A2 



Ai - A2 + i7 ^ giAiL ^ e-i>^2L^ 
Ai - A2 — i 7 



since it cannot happen that Ai — A2 = ±17 (this would lead to2 = 0). In this case, the eigenvalue 
ofTx equals 

^ (\ \ \ Ai-//-i7A2-M-i7 ^-inLi2 , Ai-/x + i7A2-M + i7 jmL/2 

T,i(Al.A2j = r r e H r r 6 ' . 

Ai — |Lt A2 — /X Ai — /X X2 — n 

2.5.4 The transfer matrix eigenvalue 

Here we consider some properties of the function t^(A). First of ah, note that if A G (i.e. 
in particular if A solves the BAEs (2.5.3)) and /x G M, then e"^/*^/^ r+(A) and e^''^/^r-(A) 
are conjugate complex numbers, so that r^(A) G M, as expected for a self-adjoint operator T^. 
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Moreover, we can recover the eigenvalues of the QNLS integrals of motion X^^^i A" by expanding 
T^(A) in powers of analogously to Eqn. (2.2.6). Using 

k 



Xj — fi — 1 , 17 \^ I 
Xj- iJ, 



^ fe>0 ^ ^ ^ 1>1 



we obtain 



log (e-V2 ,^(^)) /^-oo = E log f 1 + ^ E (^) 1 

j=l \ ^ fc>0 ^ ^ ^ / 



^i-i-ioo >^ (-1)' / 17\ I sr^ I Xj 



EE^ ^ Ev, 

/x^iooiT ,17/^ 17 \ .i7/^ . 7^ ^,/o^-4^ 

~ 77^° 1 + ^ I P2 - 17P1 - yPo 1 + 0{fi ), 

where = Pn(A). 

Next, we study the analyticity of /x "^/il-^)- 

Proposition 2.5.10. Let L € M>0; 7 G M and A G C^g. Assume that A satisfies the BAEs 
(2.5.3). Then fj, T^i^) is analytic. 

Proof. As for the meromorphic function n t^(A), its singularities are simple poles at Xj. The 
residue at Xj is given by 

Res^-^A^ r^(A) = lim Aj)t^(A) = ±17 lim r^(Aj) = ±i7r- (Aj). 

— y A J // — y Aj 

Any singularities of the meromorphic function n t^(A) would be simple poles at Aj. We have 

Res^^A, T^(A) = limy - A,)t^(A) = ije-'^'^"^/' (r+.(Aj) - r," (Aj) e'^^'^) = 0, 

by virtue of the BAEs (2.5.3). Riemann's theorem on removable singularities implies that this 
function is holomorphically extendable over A^; since this holds for each j, this function can be 
extended to a function that is holomorphic, and hence analytic, on C^. □ 

We will still write fi 1— t- t^(A) for this extended function. In other words, the BAEs guarantee 
not only that is an eigenfunction of T^^ but that the corresponding eigenvalue also depends 
analytically on G C. 



There is a useful partial fraction expansion for fi T/i(A), reminiscent to equation (2.10) in [42]. 
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Lemma 2.5.11. LetjeR and (A,/i) G C^+^ Th 



reg 

N 



en 



i=i ~ ^ 

Proof. We only prove the case ± = — ; the case =b = + fohows by replacing 7 by —7. Consider 
the following polynomial function in 

TV / N N , 

Km) :=ll{\j-f^ + il)-\ lliX, - H) +n^Yl(\j - \k + il)j^ ^ 



j=l \j=l k=l j^k 



Xj — Afe 



Because the coefficient of {Xj — jj)^ vanishes, p{^) has degree at most N — \'m. ji. On the other 
hand, we may evaluate, for Z = 1, . . . , A^, 

N ( N N \ \ ^ ^ 

p{Xi) = l^\{{X,-Xi + i^)-\^ ^JJ(A^._A, + i7)-l--i + [](A,-A^ + i7) =0. 

3=1 \ k=l j=l j=l 

Since is a polynomial function of degree less than N but with N distinct zeros Xk, we 
conclude that is zero for all G C. It follows that for all /x G C \ {Ai, . . . ,Xn} 



□ 



Corollary 2.5.12. Xei 7 G L G M>o and {X,n) G C^+^ Assume that A satisfies the BAEs 
(2.5.3). Then 



J ~ ■" A, — a 

j=i 1 



Proof. Using Lemma 2.5.11 we obtain 

T,{X) = r+(A) e-'''V2 e^^^/^ 

N 



^ giAjL_gi/iL 



^ r+(A,)o-i"^/2-r-(A,)oi/'^/2 



The BAEs (2.5.3) allow us to change the product r^, (Aj) into r^. (Aj) e'^^^, and consequently 
we obtain the desired expression. □ 

This form of the Bethe Ansatz eigenvalue allows for a nice application; we know that /x ^^^(A) 
is analytic at Xj, and using Thm. 2.5.12 we can calculate t\. (A). We have, for Z = 1, . . . , A/", 

Tx,{X) = lim r^(A) = e-^^^V2+e'^^^/2-i7e-^^^'V2^ lim (A^) ^'^f ~ ^'""^ 
= e- ^ W + e> A, L/2 _ i ^ ^- i A, V2 £^ . ) 

using De I'Hopital's rule. 
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2.5.5 The action of on the Bethe wavefunction 

To complete this section, we compute C^^'a- In physics one is interested in inner products of 
the form {^n, ^\) and for this purpose having expressions for C^*a ^ hnear combinations of 
certain is helpful [35]. 

Lemma 2.5.13. Lei 7 G M, L G M>o and (A',//, i/) G C^+^ Then 
{D^A, - D,A^) ^x' = 

= (r-(A')r+(A')e'('^--)^/2-r-(A')r;(A')e-'('^--)^/2) 

N-l . 

- E (r,-XA;-)r+(A0e^(^^-)V2+^-(A0r+.(Ape-KA.-^^^^^ *^,^^+ 

i=i 

N-l . 

+ E (r,-XA;-)r+(A0e'(^^-'^)V2+r;(A0r+(A;-)e-'(^^-'^)V2) ^^,_^+ 

i<k 

Proof. By virtue of Prop. 2.5.6 we have 
Di^A^^X' = 

= T-{X')T+{X')e'(^-^W2^^,+ 

- E (-A.(A~)r.+ (A0^eHA.-^)V2-r-(A;.)r+(A;.)^^ 

N-l 

i=i 

- y T- (A', z.)r+ (A',) e'(^^-^^)^/2 ^ 

Now subtract from this the corresponding expression for DiyA^^x'- After collecting like terms, 
we obtain the lemma. □ 

Proposition 2.5.14. LetjeR,Le M>o and (A,/x) G C^+^ Then -fC^'^x = 

= - E (Ai)r; (A,) e^^'^-'^W2 (^,),+ (a^) i(A,-.)L/2^ ^^^^ 

AT 
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If X satisfies the BAEs (2.5.3) this simplifies to 

^ ■ iXjL/2 

7C,*A = - E \._. ^a;. (Aj) [r^ih) e-^^^/' -r-{X3) e'^^'') 
i=i 

N 



N 

/\j — lJ,/\k—l^ ■• ■■ ■■'''^ 

Proof. Note that the second statement follows immediately from the first statement, which we 
prove by induction. Note that for A?^ = we indeed recover = 0. For the induction step, 

write A' = (Ai, . . . , Aat-i) G C^g ^. Now by Eqn. (2.4.23) we obtain 

The induction hypothesis yields 

N-l . 

= - E (r.-(A;>;(Ape^^^^-)V^-V(A;-)rH;XA;-)e-'(^^-'^)V2) 
j=i ^ ^ 

- y f rr (A;)t+ (A'. J e^(^^-^fc)V2 ( y ) + (V. ) e" KA,-A.)L/2\ ^ 

whereas from Lemma 2.5.13 we obtain the much-aligned expression 



- (r-JA')r;(A')eHA-.)V2_^-(V)^+^(A')e-^(^--'')V^) + 



A 



Ar-/i 



+ E (r.-(A;-)r;(A')eH^^-)V2+r-(A')r+(A;)e-HA.-M)V2) 

N-l . 

- E (-.7^X.(A')e'^^-^"^"/^+r.-.(A')<.(A;-)e-^(^-^~)^/^) 

+ ^T ^j-l^-n i7 _ X,-XN-il j2 n_\ + i(A,-A.)V2 + 

Ajv-M^^Av A,-A;vAfe-/z A,-Ajv Xj-^, Xk-XN J ^"^ 

/ Afc-/x-i7 i7 i7 _ Afc-AA,-i7 i7 n \ . , . + . m i(A,-A.)L/2\ ^ 
V Afe-M A,-A^A,-/z Afe-A;v A^-a^ A.-A^y ^^'•^'^'^^"^^^'^'^^^^ ^ 

It follows that the coefficient of ^x. {1 < j < N — 1) in 'jC^^x equals 

= (r^,(Aj)r;(Aj)el<*^-<')^/^-r-(Aj)r+(Aj)e-'(%-'')W2) ; 
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the corresponding terms together with the term proportional to combine to the desired sum 
over j = I, . . . , N. Furthermore, the coefficient of ^x. - a < j < k < N) equals 

i7 i'j ^ i'-f fXj — ii—i'y i'j Aj — Aat — 17 17 17 



\j — Ajt — jU Ajv~A* \ — A* Aj — AatA/j— Xj — Xi\f \j — /xAjt~Ajv 
^ ■ 1717 ^ i7 fXk-n-i'j i7 i7 Afc-AAr-i7 17 17 



Xj — ^Xk—jJi XN—fJ-x Xk—fJ. Afc — AatAj — Afc — Ajv Xk—fiXj — XN 

.r,;(A'^)r+(A;-)e-KA.-A.)V2 

^r,-(Ai)<(A,,)eK^-^'=)V^+r,;(A,)r,^XA,,)e-K^-^^)V^) ; 



Xj — iJ, Xk—fi 

the corresponding terms together with the term proportional to ^x'-,ix = ff,iJ. the desired 
expression for the sum over j and k. □ 



2.6 The limiting case J = M 

Naively one could expect that as L — > 00 in the ABA for the bounded interval, we obtain that 
^x describes the system of N bosonic particles moving along M. However, as made clear in 
[26, Section 8], this limit is very subtle. In particular, the QNLS creation operators lim^^-^oo -^A 
when seen as operators on have a trivial domain for A G M. Although the operator Bx does 
not explicitly depend on L, cf. Eqn. (2.4.12), simply letting Bx act on an element of T-Ln{^) 
does not produce an element of Hn+i^P-)- 



In particular, the Bethe wavefunctions '^x are not square-integrable. This is not surprising; 
the solutions for the non-interacting case, i.e. symmetrized plane waves Sjqe^^ are not square- 
integrable either, because the non-symmetric plane waves e^^ are not. However, there is a weaker 
sense of completeness of the plane waves in t)7v = L^(M^), and hence for the symmetrized plane 
waves in HAr(K), afforded by the Fourier transform on L^(M^), which is a unitary operator as 
per the Plancherel theorem (see, e.g. [50]). For all / G f)jv 

f{x)= f d^A/(A)e^<^'-> 

for some f E i)N, which can be seen as a linear combination of (possibly uncountably infinitely 
many) plane waves e'"^. It is not difficult to see that an analogous result holds for all F eHn- 

F{x)= [ d^AF(A)(5ive^^)(a;), 
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which is what is sometimes referred to in the hterature as the "completeness (or closure) of the 
free eigenstates in L^(M^)", despite the fact that the symmetrized plane waves are not square- 
integrable ([18], [26, Section 2]). The result by Gaudin [18,19] shows that the "i^x play a similar 
role in ^jv; for all F G "Hat we have 



Fix) = [ d^AF^(A)*A(^), 



for some "deformed Fourier coefficients" F^ eHn- 

2.6.1 Action of the QISM integral operators on "ifx defined on the line 

The operation Bx defined by the formulae in Eqn. (2.4.12) is well-defined as an operator: 
C(M^)'^^ C(M^+^)^Jv+i (the limits of integration are all bounded in Eqn. (2.4.12)). The 
operators Ax,Dx explicitly depend on L, cf. Eqn. (2.4.11) and Eqn. (2.4.14). 

Proposition 2.6.1. [26, Section 8] Let L G M>o, 7 G M, A G M^g and n e C \ {Xi, . . . , Ajv}. 
Then 

and, for x G M^, 

lim ei'^-^/^ (A^^x) (x) = T+{X)^xix), if Im// > 0, 

lim e-'f"^/^ (£>/.* a) (x) = T-(A)*A(ic), if Im// < 0. 

Furthermore 



lim e'''^/2 (T^^x) (x) = T+{X)^x{x), if Im// > 0, 

lim e-''^^/2 (T^^x) (x) = r;(A)*A(a:), if Im/x < 0. 



L— >-oo 

Using these expressions and the aforementioned deformed Fourier formalism one can define 
limL_>oo e''*^/^ A^, limi_!.oo e~''^^/^ -D^ and Iiuil^oo e='"'^^/^ as operators on ^jv(M) for suit- 
able non-real values of fj,; this defines bounded operators on 'Hjv(M). 

Proof. The expression for B^j^x in the limit L — > 00 is proven in [26, Thm. 8.2.3]. We refer 

to [26, Eqns. (8.3.1) and (8.3.2)] for the first expressions for e'^^/^^^^^ ^^^^ j^^q,^ -^^ 

the limit L — ;> 00 and [26, Eqn. (8.3.3)] for the boundedness of A and D. The statement about 
the transfer matrices follows by noting that for Imfi > 0, e''^^/^ is exponentially damped as 
L — >■ 00, and likewise for the case Im/x < 0. □ 
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2.7 The quantum determinant and the Yangian 

Using the commutation relations from Eqn. (2.4.15) we may construct an element of H which 
commutes with A, B, C and D, i.e. it is in the centre of the Yang-Baxter algebra. 

Definition 2.7.1. Let 7 G M and A G C. Write X± = A ^ 17/2. The quantum determinant of 
the monodromy matrix of the QNLS model is the operator 

qdetTA = A^^D^_ - ^Bx+Cx_. (2.7.1) 

Note that qdetTx € End(HAr) and it satisfies 

qdet Tx = qdet Ty (2.7.2) 

Proposition 2.7.2. [T^ '^, qdet 7^] = for all j, k = 1,2 and all A, /x G C with \^ n±. That is, 
qdet 7^ is in the centre of the Yang-Baxter algebra. 

Proof In light of Eqn. (2.4.7) and Eqn. (2.7.2) it suffices to prove [Ax, qdetT^^] = [Bx, qdetT^t] = 
0. Note that 

[^A,qdetr^] = [Ax,A^,^D^_] - ^ [Ax, B ^^C . 
Dealing with the first commutator, we have 

[Ax,A^^D^_] = A^^ [Ax,D^_] = -^^A^^ {BxC^_ - B^_Cx) , 

by virtue of Eqn. (2.4.21). It follows that for [^;^, qdet 7^] = it suffices to prove 

[Ax,B^^C^_] = {BxCf,_ - B^_Cx) • (2.7.3) 



Eqn. (2.4.19) yields 



C^_Ax = ^^-^AxC^_ - — ^^^_Ca. (2.7.4) 

A — jJi— A — 



On the other hand, Eqn. (2.4.17) gives 

B^^Ax = \^^AxB^^ + -^^A^^Bx. (2.7.5) 
A — /Lt+ A — 

In particular it follows that 

B^+A^_ = A^^B^_. (2.7.6) 
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Combining Eqns. (2.7.4-2.7.6) we find that 

Bij.^Cfj,_Ax = ^ _ Bfj,^AxCfj,_ - B^^Afj,_Cx 



( T — —^xBn. + ^— — 74^, Sa) — T— — Afjt.Bij,_C\ 
V A — /i+ A — /x+ / A — /x_ 



X — fi- \ A — /i+ 

= ^A-S/i+C^_ + T — - — Afj,_^_ {BxCfj,_ - B^_Cx) , 

A jJi — 

which is equivalent to Eqn. (2.7.3). 

To show that Bx and qdet 7^ commute, we note that 

[BA,qdetr^] = [Ba,^^+L>^_] -7-B^+ [Sa,C^_] 
We have from Eqn. (2.4.20) 



D^_Bx = \-^BxD^_ - -^^B^_Dx, (2.7.7) 
X — fj,- X — ji- 



and from Eqn. (2.4.17) 



Prom Eqns. (2.7.7-2.7.8) we obtain 



A^^BxD^_ + -^^A^^B^_Dx-Y^^AxB^^D^_. 



A-/z_A-Ai+ '^+^ ' A-/x_ ^+^-^ A-/X+ 
On the other hand, we have by virtue of Eqn. (2.4.22) and Eqns. (2.7.5-2.7.6), 



75^+ [Bx,C^_] = -j^B,^ {AxD^_ - A^_Dx) 

17 ff>'-f^- A 17 



AxB,,^ - --^Ai^^Bx - A^^B^_Dx 



A — /Lt_ \ \ A — /i+ A — /x+ 

-A^^B^_Dx - -^AxB^^D^_ - Af,^BxD^_, 



and indeed we see that [Bx, = 7 [-Baj -B/i+C*//-] • D 

Remark 2.7.3. T/iis result means that qdet 7^ pZays the role of the Casimir element in the 
Yang-Baxter algebra. 
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Corollary 2.7.4. Let A G C^g. Also, let /j, E C such that both ii± are unequal to any of the Xj 



Then 



qdetr^^'A = e-T^/2 



(2.7.9) 



Proof. Using Lemma 2.7.2, we have 



A' \ / N 

qdetr^*A = qdetr^ | 11 = 11 | qdetT^^-g, 



and 



qdetr^^0 = A^^D^_^^ = K/^-i 7/2)^/2 ei(/^+i7/2)L/2 q,^ = e-^^/^^g. 



□ 



Lemma 2.7.4 tells us that the Bethe wavefunction ^\ is an cigcnfunction of the quantum de- 
terminant, with the corresponding eigenvalue independent of A. We note that this is without 
imposing the BAEs Eqn. (2.5.3) on A. Since the are a complete set in H, it follows that 
qdet T/j, acts as multiplication by the constant throughout 'K. 



The quantum determinant provides a connection with the Yangian [8,13,14,44]. The Yangian 
of QI2 is a Hopf algebra, more precisely a deformation of the current algebra of [8, Chapter 
12]. More precisely, it is defined to be the algebra Y{q12) generated by the elements T^^^ where 



j,k G {1,2} and I G Z>o subject to 



'ih) ''(h+l) 



_ ( kiq-ji k2 _ T-i2 kiq-ji k2\ 

Vih) '(h) '(h) '{h) ) ' 



which is what one would obtain from Cor. 2.4.6 by writing T^^ = X]/>-i "^{i)^ '"''^ defining 
7^{^^ = 5jk, where we have introduced the Kronecker delta 



6 : X X X ^ {0,1} : {x,y) ^ S^cy ■= < 



1, x = y 

0, otherwise. 



for any set X. Owing to the exchange relation (2.3.4) Y{q12) becomes a (quasitriangular) Hopf 
algebra with comultiplication A, counit e and antipode s given by 



(A®id)rA = (rA)i2(TA)i3, (e®id)rA = i, (s®id)rA = r;: 



-1 



The quantum determinant qdet 7a generates the centre of F (012). 



42 



CHAPTER 2. THE QUANTUM INVERSE SCATTERING METHOD 



2.8 Alternative formulae for the QISM integral operators 

We return to the explicit integral formulae for the operators A^,B^,C^, as presented in Eqns. 
(2.4.11-2.4.14). There is a practical disadvantage to these formulae, which we will explain now. 
Functions f gHn are generally defined on the fundamental alcove (or its closure) and then 
extended to by ordering the entries of the argument x in decreasing order, i.e. by applying 
S«)G5jv ^^Jf (only that term with w~^x G remains). This means that in order to calculate 
{A\f){x), say, for each i G we need to arrange (xi, . . . . . . ,f^, . . . ,XAr, yi, . . . , j/„) G 

in a decreasing order so that we can use the formula for F{x) for x G J!^ . Because ym 
runs from down to Xj^_^j, it can assume any position among the intermediate coordinates 
Xi^-i > > . . . > a;j^_^j+i. In other words, in general we have no control over the order of 

the arguments of F, which leads to computational issues; this we will now address. 

Example 2.8.1. Consider the action of Ax on a function F G H4. Specifically, concentrate on 
the terms in the summand with n = 2. The set 3\ contains the tuples (1,2), (1,3), (1,4), (2, 3), 
(2,4), (3,4). Taking i = {^, A) gives 



Note that xi > X2 > yi > 2/2 so the arguments of F for this term can be unconditionally 
rearranged to be in the alcove J^. However, taking i = (1,4) gives 



We do have X2 > X3 > y2 but for yi we have three possibilities: yi > X2, X2 > yi > x^, 
and X3 > yi > X4, so we need to do some work before we can rearrange the arguments of 
F for this term. The idea is simply to split up the integral over [x4, xi] in three integrals: 



Now note that in each of the three sets of arguments of f, we have the correct ordering. 

We will now formalize this in generality. Given nonnegative integers n < N and i E 3' 





Ja 
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introduce the following sets: 





:={J 


= (ii,-- 


.,jn) e Ofjv : < 3m < im+1, for Ul = 


1,.. 


.,n}, 






■■={j 


= (ji,- 


■ ■ ,jn—l) € ^iV— 1 ■ ^"^ — 3m ^ im+l-i for 


m = 


1,..., 


n-1}, 




■■={j 


= (ii, • 


• • 1 Jn+l) £ *^iV+l • ^m— 1 < Jm ^ ^mj for 


m = 


1,..., 


n + 1}, 




■■={3 


= (ji,-- 


. , j„) G Jjv : im-i < 3m < im, for m = 


1,.. 


.,n}. 





We recall that if jf G we use the notation xj^ = L/2 and Xj^_^-^ = —L/2. 

Lemma 2.8.2. Let X e C and n = 0, . . . , N . For F E Un, x G J+^-^,i G w;e /iaue 

■ F (xi, . . . , {Xi^., . . . , Xj^, Um, Xj^+i)^^^ ,.. . . . . ,X7v) ; 

for F G Hn, X G J+ , i G we /laue 



(^aV)(*)= E (fl T'" 



(%f)(x)= (fl f"" 'dy^)ei^^-=i(---^-)- 

j-g3(7 \m=l •^^Jm / 

• (xi, . . . , {Xj^ — i, l/m, Xj^, . . . , Xi^)^_^ 1 ■ ■ ■ 1 Xn) ; 

and for F G T-Ln+i, x G J^, i G we have 

^^^^ m=l"^^Jm+l J 

■ F (xi, . . . , {xj^-i,ym,Xj^, . . . ,Xi^)^^^ ,.. . ,Xj^_,_j_i,yn+i)a^j„+i) ■ • • ,xn^ . 

Proof. These formulae arc obtained by splitting each integration interval into a union of intervals 
between adjacent Xj, e.g. for E'^.^F 

*m+l— 1 



Jm — 1m 

Taking all summations over jm together as a summation over j = {ji,... ,jn), we obtain j e 3f. 
Now for each m = 1, . . . , n we have Xj^ > . . . > Xj^ > Vm > Xj^+i so that we can write the 
argument of F as indicated. The other formulae follow analogously. □ 
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Lemma 2.8.2 essentially solves the problem alluded to at the start of this section. Wishing to 
treat all arguments of F in these formulae in the same manner, we introduce unit step functions. 

Example 2.8.3 (Continuation of Example 2.8.1). We obtain 

(e+^^f) {xi,X2,xs,X4) = J^dyil dy2e^^(^i+^*-^i-2'^) • 

• (F {yi,X2, X3, 2/2) d{xi > yi> X2)9{x4, > 2/2 > -L/2)+ 

+ F {x2, yi,X3, 2/2) 0{x2 > yi> X3)0{x4, > 2/2 > -L/2)+ 
+F {x2,X3,yi,y2)9{x3 > yi > X4)9{x4 > 2/2 > -L/2)) . 

We can simplify matters further by introducing Dirac deltas for those arguments of F over which 
we do not integrate; writing y = (2/1,2/2,2/3,2/4) this gives the terms 



(e+i^e) {xi,X2,X3,X4)= / dye-'^^y'+y'+y'+y^^F{yi,y2,y3,y4y 

J J , 



■ {e{xi > 2/1 > X2)6{y2 - X2)8{y3 - X3)9{x4 > 2/2 > -L/2)+ 

+ (5(2/1 - X2)9{x2 > 2/2 > X3)5{y3 - X3)9{xi > 2/4 > -L/2)+ 
+(5(2/1 - X2)6{y2 - X3)0{x3 > 2/3 > X4)9{x4 > 2/4 > -L/2)) . 

To generalize this, given n = 0, . . . ,N and i G 3%, consider i'^ = {i^, . . . , i^vr-n) = (1, • • • , ^ 
3^~"'. It is the unique element of which has no entries in common with i. For example, 

for A/" = 5, n = 2, and i = (1, 4), we have i"" = (2, 3, 5). For i G 3%, note that if j G then 



Jm e {C - 1,4}, and if j G 3i then G + 1}. Also, for i G j G 3f C 3^ 
that both and are in jj^^^ and indeed G {i^ — 1, i^}. We can now state and prove 

Lemma 2.8.4. Let \ e C and n = 0, . . . , N . For F e Hn, x G J+ i G we have 

(^Ex-iF'^ (x) = d^ye'^i^k=i^k-j:Liyk) F{y). 

(n \ /Af-n \ 

n ^(^j- > 2^^- > ) I n - ^^^) ) ! 

^^^^ m=l / \m=l / 

forFeUN, xeJ^,ie 3^ we have 



so 



(x) = J ^ d^y ei^S^=i(=^'=-s"=)F(y)- 



\m=l / \m=l 
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m m ' 

m=l / \m=l 



and for F G Hn+i, x G J:jy, i G 3^ we have 

(Ex-iF)(x)= [ d^ye'^(^^=i^'=-SS'2/fc)F(y). 

(n+l \ /N-n-1 \ 

n ^(^*— 1 >ym>a^i^) J f n ^(Vn+m+l - XicJ 1 • 
j^^^ m=l / V m=l / 

Proof. Again we focus on the expression for E^^F. Starting from Lemma 2.8.2 we relabel the 

integration variables y,n to yj^; wc like to think of the integrations as being over R and hence 
introduce a step function 9{xj^ > yj^ > Xj^+i). Also, we introduce integrations over vari- 
ables yjc^ for m = 1, . . . , A^^ — n with Dirac deltas S{yjc^ — Xic^). We multiply the integrand by 
giA(a;ic^-2/jC^) ^ -^^ producing an overall factor e^^^k=i(^k-yk) _ 



We claim that the arguments of F in decreasing order are now given by yi, . . . , j/at; it suffices to 
show that under the restrictions Xj^ > yj^ > Xj^+i, and yjc^ = Xjc^, we have yi> ymiil < m, 
for all l,m = 1,. . . ,N. Taking the restrictions given by the step functions and Dirac deltas 
into account, it is clear that the {yj^ , • • • , yj„) satisfy yj^ > . . . > yj^ and (yjc, . . . , yf^_^) satisfy 
Vjl > ■■■> yrN_„- Also, if i/ < j^, then j; + 1 < and we have yj^ > xj^+i > xjc^ > x^o^ = yjc^, 
because < Finally, if < ji, then + 1 < ji and hence yjc^ = Xic^ > Xjc^+i > Xj^ > yj^ , 
because < + 1. This produces the desired formula for E^.^F. The other formulae can be 
dealt with in the same way. □ 

By summing over i and including the appropriate factors, we obtain 

Theorem 2.8.5. Let A G C. For F e Hn and x e we have 

{AxF){x)= [ d^y e'^(S^=l'^'=-^^=l^'=)F(y)• 
N / n \ /N-n \ 

[H ^^^^irn > Vim > Xjrr^ + l) H -^(^Sk-^^^) ' 

n=0iea^jg3+ \m=l / \to=1 / 

{DxF){x)= f d^2/ e'^(^^=o^'=-^^=l^"=)F(y)• 
7Jf 

N / n \ /N-n \ 

• E E E n > vjr. > xjj n ^(y&-^i^J ; 

n=0ie3'^ j^j- \m=l / \m=l / 
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for F eHn and x G J^'^'^ we have 

{BxF){x) = [ d^y e^A(ELY-»=-ELi2/0 F{y). 

N +1 JjN 

N / n \ /N-n \ 

■ H H H ( n > > xjm+i) I ( n -^fe-^c) I ; 

and for F G Hn+i and x G we have 



"=Oiea^+\ je5t \m=i / \m=i 



(CaF) (a;) = {N + 1) j d^y e^MEtV^fc-ELYj/fc) F{yy 



7 

J J 

N-l /n+1 \ /N-n-1 \ 

■ E E E n >yjm>^jj n <^(2/& - ^^^) ■ 

n=0 iea^ j jgj- \m=l / \ m=l / 

Furthermore, the domains of integration , J^~^^ may be replaced byM.^, respectively, 
because of the unit step functions in the integrands. 

These alternative expressions for the generators of the Yang-Baxter algebra appear to be new. 



Chapter 3 



The degenerate afRne Hecke algebra 



In this chapter we will review another established method for solving the QNLS eigenvalue prob- 
lem Eqns. (1.1-1.2), which involves a deformation of the group algebra of the symmetric group 
S'jv, called the degenerate affine Hecke algebra, or also the graded Hecke algebra of type ^at-i- Its 
main advantage compared to the QISM is that it can be naturally generalized to different reflec- 
tion groups, both finite and affine. Most of these, the classical Weyl groups, allow for meaningful 
interpretations in physical systems; they are the symmetry groups of one-dimensional systems 
of quantum particles with certain boundary conditions. The systematic study of these systems 
was begun by Gaudin [20], and Gutkin and Sutherland [23,27]. 

Affine Hecke algebras were introduced and studied initially by Lusztig and Kazhdan [33,41], and 
Drinfel'd [14]. Their relevance to the QNLS problem was highlighted by Heckman and Opdam 
[28,29] who used an infinitesimal version of them, the graded Hecke algebra. A generalization of 

the affine Hecke algebra, the double affine Hecke algebra, has been used by Cherednik [10] to 
prove Macdonald's constant term conjecture for Macdonald polynomials. 

In this thesis we will restrict ourselves to the case of the Weyl group Sn- We will review some 
theory of the symmetric group and its group algebra; subsequently the degenerate affine Hecke 
algebra (dAHA)^ is introduced, which is a deformation of the group algebra of the symmetric 
group with the coupling constant 7 functioning as a deformation parameter. We will highlight 

^The abbreviation DAHA is usually reserved for the aforementioned double afSne Hecke algebra. 
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three of its representations that play a role in finding the QNLS wavefunction: 

• The regular representation in momentum space, generated by deformed transpositions Sj^^ 
and multiplication operators Xj, acting on analytic functions in A. 

• The integral representation in position space, generated by deformed transpositions Sj^^ 
(the term proportional to 7 in these are integral operators) and partial differential operators 
— idj, acting on smooth functions on M^. This can be viewed as the Fourier transform of 
the first representation. 

• The Dunkl-type representation in position space, generated by transpositions and de- 
formed partial differential operators —idj^^, acting on continuous functions on M.^ whose 
restrictions to the set of regular vectors is smooth. 

The crucial propagation operator [16, 23, 31] is constructed, which intertwines the integral and 
Dunkl-type representations and maps plane waves, i.e. functions of the form x t— t- c'^'^''^^ for 
some A G C^, to non-symmetric functions ijjx that solve the QNLS eigenvalue problem Eqns. 
(1.1-1.2). For the QNLS model these non-symmetric functions were first considered by Komori 
and Hikami [34] . We will call these solutions pre-wavefunctions, since upon symmetrizing them 
one recovers the QNLS wavefunction '^x. They will return to our attention in Chapter 5. 

3.1 The symmetric group 

In this section we review some facts involving the symmetric group. There is a natural way of 
embedding Sn in Sn+i which is useful for recursive constructions. 

Lemma 3.1.1. We have 

Sn+i = Sn ■{ SmN+i : m = 1, . . . , N + 1} = { SmN+i : m = I, . . . , N + 1} ■ Sn- 

Proof. Since each w G Sn permutes the set { SmN+i m = 1, . . . , N + 1}, the second equality 
follows and it suffices to prove the first, which can be done by noting that the following mapping 
is a one-to-one correspondence: 

p : Sn+1 Sn X {i,- ■ ■ ,N + 1} : w t-^ iwSy,-i(^N+i) N+i,'(^~^{^ + !))• 

Note that for w G Sn, u;s^-i(Ar+i) Ar-i-i(-^+l) = w{w~^(N-\-l)) = N+1, so that wSyj-if^N+i) N+i 
can be thought of as an element of Sn, and indeed p maps into S'jvx{l,...,iV-|-l}. Since 
Sn+1 and Sn x {1, . . . ,N + 1} are finite sets of the same cardinality it suffices to show p is 
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injective. This follows from the fact that p has a left-inverse: S'jvx{l,...,A?^-|-l}— >■ S^v+i given 
by (w'J) ^ w'sjN+l- □ 

3.1.1 The group algebra of the symmetric group 

The group algebra of the symmetric group is the unital associative algebra of all linear combi- 
nations of elements oi Sn, 

CSn = S X] <^wW : Cw eC > , 
where the multiplication in Sn is extended linearly. The symmetrizer is given by 

weSN 

It satisfies wS^^'' = S^^^w = S^'^^ for all w G Sn and hence is a projection: (5^^^)^ = S^^^ . 
The symmetrizer can be constructed recursively: 

Lemma 3.1.2. Let N > 1 be an integer. We have 

-, N+l N+1 

m=l m=l 
-, N+l N+l 

m=l m=l 

Proof. The expressions S^^^ j^^Ylmti SmN+i and Em^i SmN+iS^^^ follow directly from 
Lemma 3. LI. To obtain the expression S'^^'^ Ylm=i ^N ■ ■ - Sm note that 

SmN = Sm - ■ ■ SN-1SnSN-1 ■ ■ ■ Sm- 

Since . . . sjv-i G Sn, it can be absorbed into S^^^ and hence we find 

iV+l Af+l 
S(^^J2'mN+l=S(^^J2 

SN---Sm- 

m=l m=l 

In the same fashion we obtain 

N+l N+l 
m=l m=l 

The group algebra CSn acts on the polynomial algebra C[Xi, . . . ,Xn] (the normal symmet- 
ric group action can be extended linearly). The indeterminates Xj themselves also act on 
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C[Xi, . . . , Xn] by multiplication. The combined algebra, written i^^, is isomorphic to CSn <S 
C[Xi, . . . , Xn] as a vector space, and is generated by si, . . . , sn-i,Xi, . . . , Xn with relations: 



[sj,Sk] = 0, 



s- = l, 



SjXk - Xg.fj^^Sj = 0, 
[Xj,Xk] = 0, 

3.1.2 The length function 

For w e Sn, consider 



for j = 1,... 
for j,k = 1,. 
for j = 1, . . . 
for j = 1, . . . 
for = 1,. 



N-2, 

.,N-l:\j-k\>l, 
N-1, 

N -l,k = l,...,N, 
.,N. 



EH = { {j, k)e{l,...,N}:j <k, w{j) > w{k) } ^ 



(3.1.2) 



i.e. the set of ordered pairs whose order is inverted by w. The length of w is defined to be 



l{w) = \T.{w)\. 



(3.1.3) 



We note that such a characterization fits in the context of the definition of the length of an 
element of a general Weyl group in terms of the (positive) root system. Hence the results in 
[43, §2.2] can be used. Here we review some of these results applied to the case of Sn- 

Evidently wc have l{w) = if and only if w = 1. Since S(sj) = {(j,j + 1)} it follows 
that l{sj) = 1 for J = 1,...,A'' — 1. Also, l{w~^) = l{w) follows from the observation 
T.{w-^) = w { (j, k)e {!,..., iV}2 : {k,j) € J:{w) }. 

For all wi,W2 G Sn, l{wiW2) < l{wi) + l{w2) and the following conditions are equivalent: 



l{wiW2) = l{wi) + l{w2); 
^{wiW2) = w^^'E^wi) U ^{w2); 
{j,k) G W2^T,{wi) ^ j <k. 



(3.1.4) 
(3.1.5) 
(3.1.6) 



Let j = 1, . . . ,N — 1 and w G Sn- Using the equivalence of Eqn. (3.1.4) and Eqn. (3.1.6), once 
with wi = w, W2 = Sj, and once with wi = wsj, W2 = Sj, we obtain 



l{wsj) = l{w) + sgn(u;(j + 1) - w{j)). 



(3.1.7) 
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A simple induction argument may be used to obtain that for ail w E Sn 

l(w) = min I, 

i.e. the length of a permutation w is simply the minimum number of simple transpositions in a 
decomposition for w. Such a decomposition is called reduced. 

The set T,{w) will be used several times during this chapter; the following lemma is useful for 
inductions on the length of w. 

Lemma 3.1.3. Let w G Sn with a reduced expression w = Si^ . . . s^. Then 

{ wsjk : (j, k) e E{w) } = {sij^...Si^...Sij : m = 1, . . . , Z } , 

where the hat placed over si^ indicates that this particular transposition is removed from the 
product. In particular, the length of each wsjk, where {j,k) G ^{w), is strictly less than the 
length ofw. 

Proof. By induction on /. The statement for Z = is vacuously true. To see that the statement 
for I + 1 follows from the statement for I, given a reduced composition w = Si^ . . . s^^^, write 
w' = wsi^^^ = Sj^ . . . and note that the induction hypothesis implies 

{ w^'sjfc : (i> k) G Si^'E{w') } = { Si^ . . . Si^ . . . Si, : m = 1, . . . ,1} , 

where for j = 1, . . . , A'^, J = Sj,^^ (j). Right-multiplying by we obtain 

{wsjk : {j,k) G s^T.{w') } = { Sii • • • Si^ • • • : m = 1, . . . ,1} . 

Now make use of the equivalence of Eqns. (3.1.5-3.1.6). □ 

3.1.3 Duality of 5'jv-actions 

We will be considering functions of two A-tuples A G C^, x G (or subsets thereof), and we 
wish to study the two distinct S'Ar-actions on such functions. An example of such a function is 
the plane wave: x ^ C : (A, £c) e'^^''"^ . We will denote these two actions as follows. 
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Notation (Distinction of 5'iv-actions). Let w G Sn and f : 


X MJ^ C. Then we may 


define two functions wf, wf : C"^ x M"^ — )■ C as follows: 




{wf){X,x) = f{X,w-'x) 




{wf)iX,x) = fiw 'X,x). 




For functions f : — > C whose argument is denoted X we 


will sometimes denote the 


action of w E Sn on such a function by w, as well. 




In the context of root systems, this notation is reminiscent to the duality of the action of 


the Weyl group on the Euclidean space, spanned by the co-roots, 


and the action on its dual. 


spanned by the roots. 





Let A G C'^ and note that the plane wave e'"^ satisfies 



for ah X e M-^, i.e. = w~^&^. 



3.2 The degenerate afRne Hecke algebra 

We will now introduce a deformation of the symmetric group algebra which is the central object 
in this chapter. It was introduced independently by Lusztig [41] and Drinfel'd [14]. 

Definition 3.2.1. Let 7 G M. The degenerate afHne Hecke algebra (dAHA), denoted Sj!!^ , is the 
algebra with generators si, . . . , sat-i, -^1, ■ ■ • , and relations 

SjSj+iSj = Sj^iSjSj+i, for J = 1, . . . , A'' — 2, (dAHA 1) 

[sj,Sk] = 0, ioi j,k = l,...,N-l:\j-k\>l, (dAHA2) 

s'j = l, for j = 1, . . . , AT - 1, (dAHA 3) 

SjXk - Xs.(^k)Sj = - il{6jk- ij+ik) , for j = 1, . . . , - 1, A; = 1, . . . , iV, (dAHA 4) 

[Xj,Xk\ = Q, for j,/c = l,...,iV. (dAHA 5) 

Sj^ can be viewed as a deformation of S^^ = S^q , controlled by 7. We will identify C[X] and 
C^Tv as subalgebras of Sj^. There are some well-known properties of [9,41,46] that can be 
directly obtained from Eqns. (dAHA 1-dAHA 5). For all j = 1, . . . , iV, w G Sn we have 

wXj = X^f^jyw - ijw I ^ Sjk- ^ SjkjGSj^. (3.2.1) 
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This can be proven by induction on l{w). Also, for all j = 1, . . . , AT — 1 and p G C[X], 

Sjp{Xi, ...,Xn)- • . • , X,.^N))sj = - i 7(Ajp)(Xi, . . . , Xjv) G S)^ , (3.2.2) 

where we have introduced the divided difference operator^ Aj G End(C[X]) 

(A,rt(X., . . . , X„) = K^..-.^-v)-H^.,W-.^.,w) , (3.2.3, 

Since the polynomial p{Xi, . . . , Xjv) — p{Xg^(^i'j, . . . jX^^^^v)) is alternating in Xj,Xj^i it is di- 
visible by Xj — Xj-\-i, and hence indeed Ajp G C[X]. Eqn. (3.2.2) can be demonstrated by 
induction on the degree of p. Finally, combining Eqns. (3.2.1-3.2.2) we obtain that the centre 
of S^^ is the subalgebra of symmetric polynomials: 

Z{S)^)=C[Xf^. (3.2.4) 



3.3 The regular representation in momentum space 

This representation is also known as the Bernstem-Gel'fand-Gel'fand representation, as well as 
the Demazure representation [5,11]. For this representation we will consider the vector space of 
polynomial functions V{C^) = C[Ai, . . . , Aat]. In particular, we will identify a copy of S^^ as a 
subalgebra of End(P(C^)). 

The divided difference operator Aj introduced in Eqn. (3.2.2) can be "dualized" as follows. 

Definition 3.3.1. [15,25] Let 1 < j ^ k < N and ^ eR. Then Ajk = G End(P(C^)) is 

defined by 

(^AjfcpJ (Ai,...,Ajv) = \ -Xk ' ^ ' 

where p G V{C^) and A G C^. Note that p — sjkP is a polynomial alternating in Xj,Xk, so 
that it is divisible by Xj — Afe; in other words Ajk is a bona fide operators on End(P(C^)). For 
j = 1, . . . , N — 1 we write Aj = Ajj^i and introduce the deformed simple transposition 

sj^^ = sj - ijAj G End(P(C^)). (3.3.2) 

Lemma 3.3.2. We list some useful properties of the divided difference operators that follow 
immediately from the definition. Let 1 < j ^ k < N . 

(i) Fori <l y^m< N, we have Sjk^im = Ag.^t^i^s.^^^^^Sjk- 



^Alternatively, it is known as the Bemstem-Getfand-Getfand operator or Lusztig-Demazure operator. 
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(a) SjkAjk = AkjSjk = -AjkSjk = and hence A^^. = 0. 
(in) For a,b E Z>o we have: 



a<A.B<b-l 
A+B=a+b-l 



A/Af , if a > 6. 



b<A,B<a-l 
K A+B=a+b-l 



Proof. Property (i) follows from Ai ^ being a linear combination of 1 and si m whose coefEcients 
only depend on A; and Am- Next, property (ii) is an immediate consequence of property (i), and 
property (iii) is a straightforward calculation. □ 

A representation of an associative algebra can be defined by fixing the images of its generators. 
Because the underlying vector space structure can be preserved by linearly extending these 
assignments one only needs to check that the relations used in the definition of the associative 
algebra are also preserved. 

Proposition 3.3.3. [15,25] The following assignments define a representation p^^^ of Sj^ on 
T'CC^) =C[Ai,...,Aiv]. 

p-s(5,) := ~s^,,, := A,-. (3.3.3) 

Proof. We will repeatedly refer to Appendix A.l. We only need to show that with definitions 
Eqn. (3.3.3), the axioms Eqns. (dAHA 1-dAHA 5) hold, with {sj.Xk) (sj,^,Afe). 

(dAHA 1) This involves the most work; we have 

= SjSj+lSj - Sj+lSjSj+l + 

- 17 (sjSj+iAj + SjA^iSj + AjSj+iSj - s^iSjA^i - Sj+iAjSj^i - A^is^s^i) + 

- 7^ [sjAj+iAj + AjSj+iAj + AjAj-+i.?j' - s^iAjA^i + A^iSjA^i + A^iA^-s^i) + 
+ 173 (a.A^iA,- - A^iA. A^i) = 0. 

This follows from applying, for the term proportional to 7, Eqn. (A. 1.3) with {j,k,l) — )■ 
+ l,j + 2) and Eqn. (A. 1.4) twice, once with {j,k,l) — > + 1, j + 2) and once 
with (j, k, I) — (j + 2,j + 1, j); for the term proportional to 7^, Eqn. (A. 1.5) (again, once 
with {j,k,l) + l,j + 2) and once with {j,k,l) {j + 2,j + l,j)); for the term 

proportional to 7^, Eqn. (A. 1.6) with {j, k, I) + + 2). 
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(dAHA 2) We write, for \j - A;| > 1, 

[sj,7. ^fc,7] = i^j^ Sk]-'n {[Sj, Afe] - [sk, Aj]^ - 7^[Aj, Afe]. 
These commutators vanish because of Lemma A. 1.2. 
(dAHA 3) We simply have, by virtue of Lemma 3.3.2, Property (ii), 

~4i = - WAj)(5j - i7A,-) = - i7(%A,- + AjSj) - j^A] = 1. 
(dAHA 4) This follows from Lemma A. 1.1 with k = j + 1: 

Sj^yXk - Kj{k)Sj,y = {sj -ijAj)\k - Xsjik){sj - ijAj) 

= - 17 (AjAjfc - As^(fc)Aj) = -ij{djk- 5j+ik) ; 

(dAHA 5) This is trivial. □ 

Because the polynomial functions form a dense subspace of the analytic functions, we immedi- 
ately get a representation of Sj!^ on this larger vector space. 

Corollary 3.3.4. The assignments given by Eqn. (3.3.3) define a representation of Sj^ on 
C'^(C^). 

For any w G Sn with decomposition w = Si^ . . . for some ii, . . . , G {1, . . . , iV — 1}, we will 
write 

Wj = Si^^j . . . Sii^^j', (3.3.4) 

because of Prop. 3.3.3 this does not depend on the choice of the decomposition and hence is 

a well-defined map: S'jv — C'^(C^). Wc extend this notation linearly to any element t of the 
group algebra CSn, writing for p^^^it). In particular, we may consider 

4^)=p7(5(^)) = ^ ^ w,. (3.3.5) 
If u; = sjfc, then for w-y = {sjk)-y we may also write Sjk,'y. 



Notation (Comparing operators in function spaces with different particle numbers). When 
it is important to highlight in which T{J^) we consider the action of an operator, we will 
indicate this by adding a superscript {N) to the operator in question, such as s\ for the 

transposition acting on F{J'^) by (s^^^/)(xi, 0:2) = f{x2,xi) and s^'* for the transposition 
acting on F{J^) by {sf^ f){xi,X2,x^) = f{x2,xi,x^). 
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We now introduce = cif^^ G C'^(C^^g) by 

N 



j,k=l •? ^ 



j<k 

Recalling the notation r^(A) from Eqn. (2.5.4), we have the obvious property that 

Gf +i)(A,/.) = T;(A)Gf )(A), Gf A) = r-(A)Gf )(A), (3.3.7) 

for (A,/x) G C^^^. Denote by the same symbol G-y(A) = G^^\X) the corresponding multiplica- 
tion operator in End(C'^(C^g)). Then we have 

Proposition 3.3.5. The following identity holds in End(C'*'(C^)); 

=5(^)Gf)(A). (3.3.8) 

Proof. By induction on N; the case A?^ = 1 is trivial. To complete the proof, for A G and 
A' = (Ai, . . . , Aiv-i) G C^~^, and note that 

5(^)Gf)(A) = ^j:sm... .~^-i5(^-^)r+^(A')Gf -i)(A') 

m=l 



= ^ E • • • 5Ar-ir^-^(A05(^-)Gf -)(A0 

m=l 

where wc have used Lemma 3.1.2 and Eqn. (3.3.7), as well as the fact that t^(A') is symmetric 
in the Xj. Now by virtue of Lemma A. 1.6, we obtain that 

5(^)gW(A) = 1 £ ~sm,, . . . S^.,,5(^-)Gf -)(A0, 

m=l 

and now the induction hypothesis, together with Lemma 3.1.2 once more, yields 

N 

N 



5(^)Gf )(A) = 1 X; ~^m,, . . . .^-i,.^"'-^^ = 5f ). □ 

m=l 

3.4 The integral representation 

We now turn to a second representation of the dAHA, introduced as a tool to study the QNLS 
problem in [23,27]. Consider the space C(M^) of continuous complex- valued functions on M^. 
For l<j^k<N,we introduce the integral operator Ijk G End (C(M-^)) defined by 

10 



{Ijkf){x)= / dyf{x-y{ej-ek)) (3.4.1) 

JO 
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for / G C(M^) and x G M^. Note that, for / G C{R^) and x e Vjk = {x eR^ : xj = Xk}, we 
have {Ijkf){x) = 0. Also, Ijk restricts to an operator on C°°(M^) and indeed to C'^(M^). For 
j = 1, . . . , — 1, we write Ij = Ijj+i and introduce 

^ = sj + 7/j G End (C~ (M^)) , (3.4.2) 

We remark that also sj^j restricts to an operator on 



Proposition 3.4.1. [29] The following assignments define a representation p™^ of Sj^ on 

QOOl 



p^\s,) := Sj,„ p];;\Xj):=-idj. (3.4.3) 
In other words, C°°(M^) is an i^;^ -module; furthermore, C'^{W^) is a submodule. 

The proof given by Heckman and Opdam in [29] refers to [23] for the Coxeter relation Sj^jSj-^-i^^Sj^j 
= Sj+i^jSj^^Sj+i^j, which is the trickiest relation to prove. Here, we will present a different proof, 
relying on the representation pijf^. 

Proof of Prop. 3.4-1. Consider the Fourier expansion of an arbitrary / G C°°(M^), 

/ = / dA/(A)ei^, 

for certain Fourier coefficients /(A) G C. We can use this and Lemma A. 2.1 to turn the axioms 
(dAHA 1-dAHA 5) that we need to prove into the axioms of the regular representation, which 
we already know to hold by virtue of Prop. 3.3.3. 

For example, to prove that [sj,7, Sk^-y] = for \ j — A;| > 1 we can write 

[sj,i^^k,^]f = / dA/(A)[sj-7,Sfe,^]e'^. 

Lemma A. 2.1 yields (sj,7Sfc,7 — Sk^^ySj^j) e^^ = [sj^jSk,'y — Sfe^^Sj^^) e^^^; because Sj^^ and Sk^j act 
on different spaces they commute so that {sj^jSk,-y — Sk^jSj^^) e^'^ = {sk,-ySj^j — Sj^jSk^j) e^^ and 
we can use Lemma A. 2.1 once more. This gives 



[Sj,7) Sk,-y]f — ~ dA/(A) [Sj,7, 5^,7] e'"'^. 



which is zero by virtue of Prop. 3.3.3, so that indeed [5^,7, 5^,7] = for \j — fc| > 1. All axioms 
can be dealt with in this way. □ 
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Similar to the notation for the regular representation p^jf^, for any w E Sn with w = Si^ . . . 
for some ii, . . . ,ii G {1, . . . , A'' — 1}, we will write 

w-y = Si^^j . . . Sii^j', (3.4.4) 

because of Prop. 3.4.1 this does not depend on the choice of the Sj^. Similarly to the notation for 
the regular representation, we extend this linearly to the whole group algebra CSn', in particular 
we have 

5f ) = = l^ Y^w,G End(C-(M^)). (3.4.5) 

Again, if w = Sjk, then for = {sjk)'y we may also write Sjk,^- 



3.5 The Dunkl-type representation 

Recall the notation S(iy) introduced in Eqn. (3.1.2). For j = 1, . . . ,N we introduce Aj € 
End(C°°(M^g)) defined by specifying its action on each alcove: 

^jL-ir^ = X] ^J'^" $Z ^i^' foTweSN- (3.5.1) 

k:{k,j)eS(w) fc:(j,fc)eS(io) 



Definition 3.5.1. [34,45,46] Let j = 1, . . . ,N and 7 G M. The Dunkl-type operator is given by 

djM-^RN = d, - 7A, G End(C°°(M^^g)), (3.5.2) 
i.e. for f e C°°(M^g), x G u^'^K^g and w e Sn we have 

{dj^^f){x) = {djf){x) i fisjkx)- J2 fi^Jkx) 

\k:{k,j)eS{w) k:{j,k)eS{w) 

In particular, we have dj^-y\^N = dj. 

Alternatively, we may provide a single formula for Aj, and hence dj^^, on the entire M^g as 
follows. Given i = (ii, . . .in) G {1, . . . , A^}", introduce the notation 

^z = ^n...i„ (3.5.3) 
for the multiplication operator on J^(M^g) determined by 



{Gif){x) = 0{xi^ > Xi2> ...> Xijf{x), 
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for / G J^(M^g) and x G K^g. We remark that 6i restricts to an endomorphism of C°°(M^g). 
Also note that if i (i.e. if some of the im are the same) then Oi = 0. It then follows that 

A,- = J2 kSj k - J2 '^kjSj k e End(C-(M,^g)). (3.5.4) 

k<j k>j 



Hence, for / G C°°(M^g) and x G M^^g we have 

9j,'rf{x) = djf{x) -j^e{xj - Xk)f{sjkx) + -f^e{xk - Xj)f{sjkx). 

k<j k>j 

Proposition 3.5.2. [45,46] The following assignments define a representation p^^°^^^ of S)!!^ on 
C~(M,^g). 

p°-'^\.,) := p?-'^'(X,) := -idj,^. (3.5.5) 

Proof. This follows immediately from Cor. A. 3. 2 and Lemma A. 3. 5. □ 

Lemma 3.5.3. Let F e C[Xi, Xn]^"^ . Then 

[w,F{di,^,...,dN,^)] = GEnd(C°°(M,^g)), w e Sn, (3.5.6) 

F{di,^, dN,j) = F{di,..., On) G End(C-(M,^g)). (3.5.7) 

Proof. Eqn. (3.5.6) follows immediately from Eqn. (3.2.4) applied to the image of Sj^ under 
^Dunkl^ To obtain Eqn. (3.5.7), let / G C°°(M^g), G and u; G Sn- It suffices to prove that 
{F{di^j, dN,^)f) {w-'^x) = iF{di, dN)f) (w'^x). From dj^^\^N = dj\^N it follows that 

(^(<9i,7) • • • ) dN,^)f) {w~^x) = {wF{di^^, dN,j)f) (x) = {F{di^^, %,^)w/) (x) 

= {F{di, dN)wf) {x) = {wF{di, dN)f) (x) 
= {F{di,...,dN)f){w-^x). □ 

Example 3.5.4 (Dunkl-type operators for N = 2). From Defn. 3.5.1 it follows that 

^1,7 = ^1 +76'2lSl2, d2,j = 82- 7^21512, 

i.e. 

{dl,^f){xi,X2) = (5l/)(xi,X2) +J9{X2 - Xl)f{x2,Xl), 
{d2,'yf){xi,X2) = {d2f){xi,X2) - J0{X2 - Xl)f{x2,Xl) 

for f G C°°(Mreg) and {xi,X2) G M^gg. The reader should check that these satisfy the dAHA 
axioms, viz. 

sidi^j - 82,^81 = 7, 82,^] = 0. 
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3.5.1 Common eigenfunctions of the Dunkl-type operators 

In order to connect the Dunkl-type operators dj^^ to the study of the QNLS eigenvalue problem, 
it is important to allow the study of Eqns. (1.1-1.2) for non-symmetric functions. Consider the 
following subspaces of C(M^), which were introduced in [16,23]. 

CB^{R^) = {/ e C(M^) : ywfl^T^N has a extension to some open 

neighbourhood of w;M^| ; (3.5.8) 

Ci3~(M^) = { / G C(M^) : fW.^ e C~(M,^g) } ; (3.5.9) 

C^(M^) = I / G CB^M^) : {dj - dk) f\y+ - {dj - dk) f\yr = for 1 < j < < iV | . 

(3.5.10) 

Note that CB°°{R^) C CB^{R^). Furthermore, it has been observed [16, Prop. 2.2] that, due 
to the hypoellipticity of the Laplacian, 

/ G C^(M^) and Af\^N^ = -Ef\^N^ as distributions ^ / G CB^{R^). 

Lemma 3.5.5. Let j = 1, . . . , N and f e CB°°{R^); suppose that dj^j{f\T^Nj G C°°(K^g) is a 
constant multiple o//|]Kiv^. Then dj^-y{f\^Nj can be continuously extended to M^. Hence, dj^jf 
may be viewed as an element of CB° 



Proof. There exists m G C such that dj,'y{fWN^^ = '^/k^g- For any 1 < A; < Z < AT we 
simply define 5^,7/1^^,; to be m/jy^,; since / is continuous this ensures that this extension is 
continuous. □ 

For A = (Ai, . . . , Ajv) G C^, we consider the following eigenvalue problem for / G CB°°{U.^): 

dj,'yf = i A,/, for j = 1, . . . , N. (3.5.11) 

Lemma 3.5.6 (Uniqueness of solutions). Let X G and 7 G R. Suppose that f G CB°°{R^) 
satisfies the system (3.5.11). Then f is uniquely defined up to an overall scalar factor, i.e. the 
subspace of CB°°{R^) consisting of solutions of (3.5.11) is 1-dimensional. 

Proof. Suppose that f,g €z CB'^{R'^) both satisfy Eqn. (3.5.11). We may assume that both 
/ and g are nonzero, and after multiplying one of them by a nonzero complex number, that 
/(O) = g{0). Note that h = f - g e CB°^{R^) satisfies the same system Eqn. (3.5.11), and 
h{0) = 0. It is sufficient to prove that h = 0. 
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Claim: Given w G Sn, if /i|(^/)-i]rjv = for all w' G ^jv with l{w') < l{w), then h\^-i^N = 0. 

It is clear that from the claim the lemma follows; in particular it follows that h\^N = and by 
induction on l{w) we obtain h\^N = 0; finally by continuity we have h = 0. To prove the claim, 
by virtue of Eqn. (3.5.2) we have for x G w~^R^, 

djh{x) = iXjh{x)+j [ ^ h{sjkx)— ^ h{sjkx)\, for j = 1, . . . , AT, (3.5.12) 

\k:{k,j)eS{w) k:ij,k)eS{w) J 

where sjkX G {wsj with l[wsjk) < l{w) as follows from Lemma 3.1.3. Hence Eqn. 
(3.5.12) reduces to djh\,^^-i^N = iXjh, j = 1,...,N, i.e. /il^-i^jv = c^e'"^ for some G C. 
Continuity at £C = yields that c^, = 0, i.e. h\yj-i-g^N =0. □ 

The relevance of system (3.5.11) to the QNLS Hamiltonian is expressed in 

Proposition 3.5.7 (The Dunkl-type operators and the QNLS eigenvalue problem). Suppose 
that f G CB°°(R^) satisfies the system (3.5.11) for some A G C^. Then f G C]{R^) and 
— A/Ijjat = X]^iA|/|]gAr , i.e. f solves the QNLS eigenvalue problem Eqns. (1.1-1.2) with 

reg J J reg 

E = X^jLi except for SN-invariance. 

Proof. That / is an eigenfunction of —A on the regular vectors with eigenvalue P2(A) follows 
from A = p2{di^j, . . . ,dN,'y), which in itself is a consequence of Lemma 3.5.3, Eqn. (3.5.7) 
applied to F = p2. As for the claim that / satisfies the derivative jump conditions, note that 
from Eqn. (3.5.4) it follows that 

Kj l>j 

and therefore 

dj ~dk = dj^^ - dk,^ + 7 XI ^jf'^j X ^ij^ji~ jSjk-1^ ^jiSji+ 

Kj j<Kk l>k 

-I'^^klSkl-jdkjSjk- 1 X ^klSkl+l'^dlkSkl 
Kj j<Kk l>k 

= dj^^ - dk,j - '^'yOkjSjk + l^i^jiSji - OkiSki) 

Kj 

+ X i-^lj^jl-^klSkl)+l^{-OljSjl + OlkSkl) ■ 
j<Kk k<l 
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Applying this to / G CB°°{M.^) satisfying the system (3.5.11) we have 
{dj - 5fc)/|y+ = i(Aj - Afe)/|^+ +7y2idjiSji - OkiSki) f\v+ + 

J k J k '—' 3 k 

+ 7 {-GljS3l-0klSkl)f\v++iy^{-^l3^3l + ^lkSkl)f\v+ 

J K J K 

j<l<k k<l 

= i(Aj - Afe)/|y.fc - 7 X] ^3lf\Vjk^ 
j<l<k 

and 

(dj - dk)f\y- = iiXj - Xk)f\y- - 2-fSjkf\v- + 7y' (^iiSji - OkiSki) /ly- + 

J k J k J k ' * J k 

Kj 

+ 7 Y] {-OijSji-ekiSki)f\v-+iy^i-GijSji + OikSki)f\v- 

j<l<k k<l 

= i(Aj-Afe)/|y.^-27/|y.^-7 X 

j<i<A; 

We conclude that (9^- - dk) - (5, - dk) = 27/!^ ^^. □ 

j k jk 

3.6 The propagation operator and the pre-wavefunction 

There exists a special element of Hom(C°°(M^), C;S°°(M^)) that allows us to construct solutions 
of the system (3.5.11). 

Definition 3.6.1. [31] Let 7 G M. The propagation operator or intertwiner is the following 
element o/End(C(M^g)); 

where Xw-'^R^ multiplication operator associated to the characteristic function of the set 

w~^W^. In other words, is the element 0/ End(C(M^g)) determined by 

P^|^-i]gjv = w~^Wry, for w G Sn- (3.6.2) 

Note that Pq is the identity operator on C(R^g). The propagation operator was introduced by 
Gutkin [23] . Some of its properties in the case of the Wcyl group Sm were elucidated by Hikami 
[31]. A vector- valued analogue was considered by Emsiz [15]. 

Example 3.6.2 (The propagation operator for N = 2). For N = 2 we have 

Pj = XrI + XsiMi SlSl,7 = 1 + XsiR2 (S1S1,7 - 1) = 1 - IXsiRlh, 
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I.e. 

{P^f){xi,X2) = f{xi,X2) + ^0{x2- xi) I dyf{xi + y,X2-y). 

Jo 

The reader is invited to check that the following identities hold formally, and consider the proper 
domain for each identity (i.e. on which function space it acts): 

The statements of the next two lemmas are (at least implicitly) already present in [15,23,31]. 
Lemma 3.6.3. Let 7 G M. For f e C{R^), P-y/|]Rjv can be continuously extended to M . As a 

reg 

consequence, Pj restricts to an element o/End(C(M^)). 

Proof. Let w G Sn. The neighbouring alcoves of tt;~"'^R^ are (sjit;)^^M^ , where j = 1, . . . , N —1, 
and the shared boundary of id^^M;!^ and {sjw)~^R^ is a subset of the hyperplane 
It is sufficient to prove that, for j = 1, . . . , iV — 1, we have 

. , 1™. , (^7/)(^) = . , lim. -, (^7/)(*)- 

"> (j+i) 0') ™ (j+i) ™ (j) 



Using Eqn. (3.6.2) this is equivalent to 



lim (w ^Wyf) (x) = lim (u) ^ SjSj^^w^f^ {x). (3.6.3) 

For the right-hand side of Eqn. (3.6.3) we note that 

w~'^SjSj,^w^ = u;~^(l - 7/jj+i)u;^ = (1 - 7^«;-i(j)«;-i(j+i))^~^"^7- 

Now using that \\m.xj^Xk Ijk = establishes Eqn. (3.6.3). □ 

Lemma 3.6.4. Let 7 G M. For f e C°°(M^), P^f G C°°(M^g). As a consequence, Pj restricts 
to an element o/Hom(C°°(M^),C°°(M^g)). 

Proof. Let w G Sn- Then P-yf\yj-i^N = w~^Wjf\^-ijg^N, which is a linear combination of 
products of reflection operators sjk and integral operators Ijk, both of which send smooth 
functions to smooth functions. □ 

By combining Lemmas 3.6.3 and 3.6.4 we obtain 

Corollary 3.6.5. Lei 7 G M. Pj restricts to an element 0/ Hom(C°°(M^), CH°°(M^)). 

The crucial property of Pj is that it intertwines the integral and Dunkl-type representations of 
the dAHA. 
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Theorem 3.6.6 (Intertwining property, [31]). Let 7 G M. We have 

wP^ = P^Wj G Hom(C~(M^),C5~(M^)), w e Sn, (3.6.4) 

dj,j{PMJ = {Pjdj)W.^ GHom(C-(M^),C-(M,^g)), j = l,...,N. (3.6.5) 

Proof. For Eqn. (3.6.4) we simply have 

wPj = ^ wv-'^Xr^v^ = XI ^~^Xr^(^'^)7 = P-r^-y- 
veSn veSN 

To prove Eqn. (3.6.5) it is sufficient to show that dj^ dj on each alcove w {w E Sn). 
Indeed, on w'^M.^ we have 



\^k:ij,k)eT,(w) fc:(fcj)eS(«;) 



7 



— [dj, P^] + jP^ I Si*:,7 '*jfc,7 

by virtue of Eqn. (3.5.2) and Eqn. (3.6.4). Next, Eqn. (3.6.2) yields 
%7^7 - Pi^j = d^{3)W^ - Wjdj + -fWj Y ^jk,i ~ Yj ■ (3.6.6) 

\ \k:ij,k)eS{w) k:{k,j)e^iw) J J 

Since {w,Xj) {wj, — idj) defines a representation of the dAHA, we can use Eqn. (3.2.1), 
which for this representation reads 

\k:ij,k)eJ:(w) k:{k,j)eT.(w) 

so that the right-hand side in Eqn. (3.6.6) vanishes. □ 

We note that the above proof is different from the one given in [31], although the key ingredient 
Eqn. (3.2.1) is the same. 

3.6.1 The action of the propagation operator on analytic functions 

We will review further established properties of the propagation operator which are relevant to 
the study of the QNLS model involving the following subspaces of C(M^): 

C^'^(M^) = { / G C(M^) : f\^^N has a real-analytic extension to } , (3.6.7) 

q(M^) = {/ G CH-(M^) : {dj - dkY /|^+ - {dj - dkY f\y- = 

(1 - (-1)'')7 {dj - dkY~' /|y., for 1 < J < A; < iV and r G Z>o} . (3.6.8) 

Note that C^(M^) C C^(M^). Firstly, by considering power series expansions, one obtains 
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Lemma 3.6.7 (Action of P^ on analytic functions). Let 7 G M. P^ restricts to an injective 
element ofRom{C'^{R^),Cl3'^{R^)). 

The following further statements are due to [16] to which we refer for the detailed proofs. 

Proposition 3.6.8 (Invertibility of the propagation operator [16, Thm. 5.3(ii)]). Let 7 G M. 
Then P^ defines a bijection between C'^(M^) and C^(M^). 

Proof. Given / G C';^{R^) one considers the unique analytic function g that coincides with / on 
the fundamental alcove. Then it can be shown by continuity, the derivative jump conditions, 
and an induction argument that / = P^g everywhere. □ 

Since C'^{W^) is a ij-y-submodule of C°°(M^) (in terms of the pint-action) from Prop. 3.6.8 we 
obtain 

Corollary 3.6.9. Let 7 G M. The operators dj^j — dk,j (^<j<k<N) preserve the space 
C^(M^). Hence, Ci;'(M^) is a S^^ -module. Furthermore, in Hom(C'^(M^), C^(M^)) we have 

wP-y = P-yWj, w G Sm, (3.6.9) 

(%^ - dk,^) P^ = P^{dj-dk), l<j<k< N, (3.6. 10) 

3.6.2 The pre-wavefunction 

Since for ah A G C^, e^^ G C'^(M^), from Prop. 3.6.8 we infer that P^e'^ G C^(M^) which 
shows the relevance of this function to the QNLS model. However, we will be able to arrive at 
this statement in a different way. For now, we will merely use the analyticity of e' ^ and Lemma 
3.6.7 to conclude that P-ye'"^ G CB'^{W^). First, since this function will be the central object of 
study for the rest of this thesis, we have 

Definition 3.6.10. Let 7 G M and A G C^. The pre-wavefunction is the function 

ijjx:= P^e'^ eCB'^iR^). (3.6.11) 

Remark 3.6.11. The pre-wavefunction will turn out to provide an intermediate step in the 
construction of the symmetric wavefunction, but in Chapter 5 it will play a more central role. 
The reader should think of ipx as a deformation of the plane wave e^^; indeed, for 7 = the 
propagation operator is the identity operator. The next lemma highlights this further. 

The action of the regular representation in momentum space and the Dunkl-type representation 
on the pre-wavefunction are intimately related. 
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Lemma 3.6.12. LetjeR and X G C^. Then 

dj,^il^x = i Xji^x, for i = 1, . . . , N, (3.6.12) 

wil^x = w~^il'x, for w G Sn- (3.6.13) 

Proof. This follows rather straightforwardly by virtue of the intertwining property of the prop- 
agation operator. More precisely, from Eqn. (3.6.5) we have 

5i,7 (V'aIm.^J = 9j,7 (^76'^ \rn^) = [Pjdje'^^ \,^N^ =iXj (P^e^^) l^iv^ = 'iXjiPxIrn^, 

and following Lemma 3.5.5 we obtain (3.6.12). Also, from Eqn. (3.6.4) we have 

wtpx = wPj e'^ = PjWj e'^ = PjW~^ e'^ = w~^P^ e'^ = w~^ipx, 

where wc have used Eqn. (A. 2. 5). We note that if A € \ C^g, Eqn. (3.6.13) may have to 
be interpreted in accordance with the proof of Lemma A.2.1, Eqn. (A. 2. 2) for the irregular case 
{xj = Xk), i.e. as the result of an appropriate limit in momentum space. □ 

Let A G C^. We recall that the plane wave e'^ G C°^(M^) is the unique solution (up to a 
constant factor) of the system of partial differential equatons djf = iXjf for j = 1,...,N. 
From Eqn. (3.6.12) it follows that i/jx for A G solves the "deformed" system (3.5.11) in 
CH°°(M^). Hence, from Lemma 3.5.6 we obtain the following result which will be important in 
Chapter 5: 

Corollary 3.6.13. Let 7 G M and A G C^. Then the solution set of the system (3.5.11) in 
CB°^{M.^) is one- dimensional, and it is spanned by i/^x- 

Moreover, by virtue of Prop. 3.5.7 we obtain that V'a satisfies the QNLS eigenvalue problem: 

Corollary 3.6.14. Let 7 G M and A G C^. Then ipx satisfies the derivative jump conditions 
and -A^jxWn^ = J2f=i A^V-Ak^v^- 

Remark 3.6.15. We have remarked on the fact that ipx satisfies the derivative jump conditions 
simply by virtue of being the image of a real-analytic function under P-y, cf. Prop. 3.6.8. 
However, we wish to highlight the point that the pre-wavefunction satisfies these conditions by 
virtue of being a common eigenfunction of the Dunkl-type operators. 

Lemma 3.6.16. Lei 7 G M and A G C^. We have 

^A= 51 Xw-^R^'^i^'^^'^ ■ 
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Proof. We have, for each w G Sn, 

by virtue of Cor. A. 2. 2. Now multiply by X«)-i]r^ sum over all w G Sn- D 
Example 3.6.17 (The pre-wavefunction for N = 2). Prom Lemma 3.6.16 we obtain that 

Ai — A2 V / 

i.e. 



X1+X2X2) _ gi(A2a;i+Aia;2) 



V'Ai,A2(^i,^2) = e^(^i-i+^2-2) +^^eix2 - xi) fe^^i 

Ai — A2 ^ 

It follows from Cor. 3. 6. 6 that we have 

dl,y'^Xi,X2 = iAlV'Ai,A2> 52,7V'Ai,A2 = iA2V'Ai,A2! 

and hence 

+5|)V'Ai,A2(a;i,a;2) = (Ai + Ai)V'Ai,A2(aJi>a:2), if xi ^ X2 
^iS^i (^1 - ^2)V'Ai,A2 (3^1,3^2) - ^lim^ {di - d2)^x,,X2{xi,X2) = 27V'Ai,A2(a;i, xi). 

3.7 The Bethe wavefunction 

Note that for any A G C^g the pre-wavefunction V'a € CB°°{M.^) solves the QNLS eigenvalue 
problem - except that it is not iSiv-invariant (either in momentum or position space). This can 
be rectified by symmetrizing ipx in position space. 

Definition 3.7.1. Let 7 G M and A G C^. The Bethe wavefunction is given by 



_ . . .o^m^^'S'iv 

AT! 

uie5jv 

Remark 3.7.2. This ^\ is the same function as defined in Chapter 2 (Defn. 2.5.1) using 
the quantum inverse scattering method. We will discuss this equality further in Chapter 4 o,nd 
we will give a (new) proof of it in Chapter 5 (Cor. 5.2.4). 

Theorem 3.7.3. [16,25,31] Let-/ eR and X e . *a is an eigenfunction of F{di^-y, . . . , d^^'y) 
with eigenvalue F{iX), for any F G C[A]^'v. Furth ermore, solves the QNLS eigenvalue 
problem: it satisfies Eqn. (1.1) with E = ||A|p and the derivative jump conditions Eqn. (1.2). 
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Proof. Using Lemma 3.5.3 we have 

proving the first statement. Hence, by virtue of Cor. 3.6.14, ^\ is an eigenfunction of —A. As 
for the derivative jump conditions Eqn. (1.2), it can be easily checked that if / G CB°°{M.^) 
satisfies it, so does wf, for any w G Sn- Taking / = ipx, using Prop. 3.5.7, summing over all w 
and dividing out a factor A''! we obtain that also satisfies Eqn. (1.2). □ 

Remark 3.7.4. By virtue of Thm. 3.7.3, we see that the QNLS integrals of motion arise 

as symmetric expressions F(di^^, . . . ,8^^^) in the Dunkl-type operators dj^y, which mutually 
commute and act on Bethe wavefunctions as multiplication by F{iX). Recall the power sum 
polynomials pn defined by pn(A) = X^^Li H is well-known [42] that symmetric polynomials 
in A are themselves polynomial expressions in the Pn{X), where n = 1, . . . ,N. There are other 
sets that generate C[A]'^^ in this way, but the Pn allow for a useful physical interpretation. More 
precisely, the pn{—idi^'y, . . . , — idN^'y) reproduce the integrals of motion discussed in Subsect. 
2.2.2. In particular, 

Po(- i ^1,75 ■ • ■ , - i dN,^) = N, 
pi(-i9i,^,...,-i9Ar,^) = -i(9i + . . . + Sat), 
P2{- i . . . , - i dN,j) = -A. 

The Bcthc wavcfunction can also be obtained from tpx through a symmctrization in mo- 
mentum space; in particular this demonstrates that ^x is iSTv-invariant not only in the particle 
coordinates, but also in the particle momenta. 

Proposition 3.7.5. Lei 7 G M and A G C^. Then 

*;,=5WGf)(A)t/.;,. (3.7.1) 

Proof. We have 

5(^)Gf )(A)V'A = 5f )pf ) e^^ = Pf )5f ) e'^ = Pf ) e^^ 

where we have used Prop. 3.3.5, Eqn. (A.2.5) and Eqn. (3.6.4). □ 
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This approach leads us to the following well-known statement expressing the Bethe wavefunction 
in terms of plane waves. This particular proof of it does not appear to be in the literature. 

Proposition 3.7.6. [16, 25, 31] LetjeR and A G C^. Then 

*A = E X^-iM-<S^^^Gf )(«;A) e^^ . (3.7.2) 

weSN 

In particular, 

=5WGf^(A)e'^. (3.7.3) 

Proof. First, Eqn. (3.7.3) is established by restricting Eqn. (3.7.1) to the fundamental alcove 
and using that V'aIr^ = e'"^. Eqn. (3.7.2) follows from the principle that a symmetric continuous 
function is completely determined by its values in the fundamental alcove. More precisely, 

^x{x)= J2 Xm-{^x)^x{^^) = E XR-(^«^)<5^^^Gf)(A)ei<^'-=") 

= E X.-iM-(=«)^^"^^Gf)(A)e'(--^^'-) = E X.-iM-(«^)<5(^)GfH^A)e^^(a.), 

since S^^^w = S^^^ for all w G S^^^ . □ 



3.7.1 Periodicity 

In order to solve the QNLS problem on a interval of length L G M>o, we need to impose L- 
periodicity on and dj'^x in the j-th argument for j = 1, . . . , AT. We will recover the Bethe 
ansatz equations as conditions on the A that ensure periodicity. Denote t- = s^v-i • ■ ■ •S2S1 G Sn, 
so that t-{j) =j -I (mod N). 

Lemma 3.7.7. Let j eR, L e M>o and A G C^. Assume A satisfies the BAEs (2.5.3). Then 

giA^L(5av)(i_A) = Gf)(A). 

Proof. This follows from Eqn. (3.3.7) and Eqn. (2.5.6) with j = N, writing A' = (Ai, . . . , Ajv-i): 

giA^L G[^\i-X) = e'^^^ G{f^\XN, A') = e'^^-^ Gif^-^\X')T^JX') 

= Gf-^)(A')r+^(A') =Gf)(A). □ 

Proposition 3.7.8. [16, 25] Let 'j £ R, L G M>o and A G C^. Assume A satisfies the BAEs 
(2.5.3). Then and dj^x> for j = 1, . . . , N , are L-periodic in each argument. 
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Proof. Because of the ^jv-invariance of it suffices to prove that 

^x{xi, XN-i, -L/2) = xi,..., XN-i), 

dN'^xixi, Xn)\xn=-L/2 = dN'^xixN, Xl,..., XN-l)\xN=L/2, 

where (xi, . . . , xn-i) £ , with J = [—L/2, L/2]. Because of continuity of we may relax 
this to {xi, . . . ,xn-i) G , i.e. L/2 > xi > . . . > xn-i > —L/2. Note that A G because 
of the BAEs. We have 

^x{L/2, xi,..., XN-i) = S'^^^GipiX) ^i{^2Xi+...+XNXN-i) 

= S^^H-G'^^\X) e'^1^/^ gi(A2a;i+...+Ajva;iv-i) 

= S^^^G^^\i-X) e^^t-W^I"^ gi(At_(2)^i+-+At_(Ar)J;jv-i) 

= S^^^G^^\i-X) q^^nL/2 gi(Aia;i+...+Ajv-ia;jv-i) 

On the other hand 

^x{xi, . . . ,xjv-i, -L/2) = 5(^)Gy^)(A) q- -^>^nL/2 ^.{Mx^+...+\^_^xr,-^) ^ 
so that it is sufficient to prove 

^(7V)(^(Af)j^^_^>j giAjvL/2 gi(Aia;i+...+Ajv-ia;jv-i) ^ ^(iV)(^(iV) g- i AivL/2 gi(Aia:i+...+Ajv-ia;jv-i) _ 

Similarly, for the condition on the derivative, we obtain that it is sufhcient to prove 

^{N)q{N) (^X)Xj^ g- i Ajv V2 gi(Aia;i+...+AAr-ia;A,_i) _ 

Applying Lemma 3.7.7 completes the proof for both ^x and its derivative. □ 

We draw the reader's attention to the fact that if 7 7^ the pre-wavefunction ijjx (A G C^) 
cannot be made periodic by imposing a condition on A. We will illustrate this for the case 
N = 2. 

Example 3.7.9 {N = 2). Prom Example 3.6.17 we will show that imposing L -periodicity on 
V'Ai,A2 either argument leads to a contradiction. We have 

V'Ai A2(^l,^2) = e^(^i^i+^2^2) + '^^ 0{x2 - Xl) ("eK^i^i+^a^a) - e'^^^a^i+Aia^z)"! _ 

' Ai — A2 V / 

L-periodicity in the first argument, viz. '^x^^\^{—L/2,x) = il)\^^\^{L/2,x) for —L/2 < x < L/2, 
translates as 

Ai - A2 + 17 ^_ i AiL/2 gi A2a; _ ^7 ^- i A2L/2 gi Aix ^ gi AiL/2 gi A2X 

Ai — A2 Ai — A2 
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i.e. for all x G (-L/2, L/2) 

^i{Xi-\2)x ^ Ai - A2 + i7 ^_i(Ai-A2)L/2 ^1 - ^2 ^i(Ai+A2)L/2 _ 

It follows that Ai = A2, which leads to a contradiction as follows. By De I'Hopital's rule we have 

i^x,xixi,X2) := lim 'tpXi,X2{xi,X2) = e'^^''^+''^^l + 'ye{x2 - xi){x2 - xi)) . 

Hence ip \^x{— L/2, x) = iIjx,x{L/2,x) for all x E {—L/2, L/2) implies that for all such x , l+7(x+ 
^) = e'^^. Substituting x = ibL/2 leads to jL = 0, contradictory to assumptions. L-periodicity 
in the second argument can be ruled out by applying Lemma 3.6.12. 
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Chapter 4 



Interplay between the quantum 
inverse scattering method and the 
degenerate affine Hecke algebra 

The purpose of this chapter is to highUght connections between the two discussed methods for 
solving the QNLS eigenvalue problem, some of which may be known to experts in the field, but 
which arc not discussed in the literature. This interplay can be seen as something reminiscent 
of Schur-Weyl duality; the Yangian of 0[2, the algebraic object underlying the QYBE, is a 
deformation of the current algebra of 5 [2 and its representation theory should be related to that 
of the degenerate affine Hecke algebra, which is a deformation of the group algebra of Sn- 

4.1 Equality of the wavefunctions and dimension of the solution 
spaces 

In chapters 2 and 3 we have reviewed the construction of the Bethe wavefunctions using two 
different methods. To distinguish them, for now we refer to them as ^rQ^^''^ = . . . -B;^^*0 and 
^dAHA ^ In order to prove that = ^-dAHA^ ^^^j^ helpful if the solution 

space of the set of equations they solve were one-dimensional. Unfortunately, the solution space 
of the system Eqns. (1.1-1.2) is not one-dimensional; We illustrate this by the case A'^ = 1. Let 
A G C. The most general eigenfunction of —d^ with eigenvalue is given by 

'^{x) = Co ^cos(Ax) -I- ^ sin(Aa;) 
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with Co, /i G C. For L-periodicity we need the Bethe ansatz condition e^^^ = 1, but no additional 
condition on /x. Thus we have a 2-dimensional space parametrized by the constants cq and fj,. If 
we choose n = ±A, ^' is also an eigenfunction of — idx with eigenvalue and we recover oc e''^. 

However in [16] a useful result is obtained for the generalization of the eigenvalue problem to 
affine Weyl groups. In the case of the symmetric group, and using the present notation, we have 

Theorem 4.1.1. [16, Thm. 2.6] Wnte J = [-L/2,L/2] for some L G M>o. Let j e R and 

A G C'^. Then the vector space of functions ^ G CB°°{M.^)^^ satisfying the derivative jump 
conditions Eqn. (1-2) and 

P{- i . . . , - i dN,ymj^N^^ = P{XmjN^, for P G C[Xf^ (4.1.1) 

has dimension at most 1; the dimension equals 1 if and only if X is a solution of the Bethe 
ansatz equations Eqn. (2.5.3) and A G K^g- 

It is important to impose Eqn. (4.1.1), which is a stronger condition than Eqn. (1.1), and can 
be seen as defining a particular self-adjoint extension of —A. Fortunately, both the QISM and 
the dAHA approach take this into account; both yield that satisfies (4.1.1), so we obtain 
from Thm. 4.1.1 that ^rQ^SM ^dAHA g^^g proportional. 

Having discussed the dimensionality of the solution space of the QNLS eigenvalue problem, we 
can use this to demonstrate that i^^^^ = ^dAHA 

Theorem 4.1.2. Let A G C^g. Then -^f^^ = *dAHA 

Proof. In view of Thm. 4.1.1 it is sufficient to establish that ^'^^^^(0) = ^^"^^"^(0); we will 
in fact show that evaluating both expressions for the Bethe wavefunction at a; = yields 1. 
For the QISM wavefunction, we use induction. The case AT = is obvious. To go from N to 
A^ + 1, let i G yp^i and note that lima;->o -^i = unless n = 0. Hence for A G C^^-*^ write 
A' = (Ai, . . . , Ajv) and note that 



^r^{0 ^= lim iB,^,,^^'-^){x) 

N+1 

= lim ^ye'^-+i-^*J/^^(a;,-) = 1, 

by virtue of the induction hypothesis, and the fact that B\F is continuous at the hyperplanes 
k for ah F eH. To prove the statement for *dAHA^ simply let Eqn. (3.3.8) act on 1 G C'^(C^g) 
and use that w^{l) = 1 for all w G Sn- □ 
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We will give a new proof in Chapter 5 that ^rQiSM ^ ^dAHA 

Remark 4.1.3. Having fixed ^'a(O) = 1, we have chosen a normalization of the wavefunction. 
This does not make a probability amplitude, i.e. \\^\\\ ^ 1. By obtaining formulae for the 
norm one finds the corresponding probability amplitude y^^^n ^x. 

4.2 Recursive constructions using the dAHA 

As mentioned earlier, an advantage of the QISM is the appearance of a recursive formula Eqn. 
(2.5.1) immediately from the definition of '^x. In the dAHA method these recursive relations 
can be obtained from the embedding of Sn into Sn+i in Lemma 3.1.1. We will do this for the 

pre- wavefunction ipx sts well as the Bethe wavefunction ^x- The regular representation of the 
dAHA in momentum space plays a key role here. 

For A G C, denote by the element of End(.F(M^), .F(M-^+^)) determined by 

(e^/) {xi,.. ■,XN+i) = e'^"-^+^ fixi,...,XN), 
for / G J^(M^) and (xi, . . . ,x;v+i) e 

Proposition 4.2.1 (Recursion for the pre- wavefunction) . Let A = (Ai, . . . , Atv+i) G C^"*""*^ and 
X = (xi, . . . ,a;iv-i-i) G l^reg""^- Writing A' = (Ai, . . . , Ajv) G C''^, we have 

N+l / N \ 

V'A = ^ SmN+l,"/SmN+l I ^'feA^-l-l 1 e~ (AiV-t-l)V'A' • 
m=l \k=l ) 

Proof. Applying Lemma 3.1.1 and Lemma 3.6.16 we obtain 

N+l 

V'A= 51 X^-iM^+i'*7^'*e'^ = 5Z ^s^N+i{w')-^R^+'^rnN+l,j{w'^)~^w'smN+ie'^ 
N+l 

m=l w'eSN 

N+l 

m=l w'€Sis 



Write x' = {xi, xn) G M^g. Now, X(^>)-i^n+i{x) = 1 precisely if > . . . > x^'(Ar+i), 

but w'{N + 1) = -|- 1, so the condition (a;) = 1 is equivalent to X(w')-'^R'^i^') ~ 

and > xn+i for all A; = 1, . . . , A'', i.e. Xk > xat+i for all = 1, . . . , A". This yields 



(X) = (jJeiXk - XN+l)j X(«,')-1R^(*') 
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and hence 

iV+l / N \ 

m=l \k=l / w'eSN 



Finally, using e'^"^'^^ = e^>'N+iXN+i gi(A',a3'>^ ^lave 

N+l / N \ 

m=l \fe=l / 

where we recognize the summation over w' as ip\'{x'), as per Lemma 3.6.16. □ 

Proposition 4.2.2 (Recursion for the Bethe wavefunction) . Let A = (Ai, . . . , Ajv+i) € C"^"*"^ 
and X = {xi, . . . ,xisf+i) eM^'^^ . Write X' = {Xi, Xn)- We have 

N+l , Af+1 



*A = E «miV+ir;;^^(A')e"(Ajv+l)*A' = ^^^-7^ E SmJV+l,7e~(AiV+l)*A'- 

m=l m=l 

Proof. Using Prop. 3.7.5, one of the identities from Lemma 3.1.2 and Prop. 3.3.3, we obtain 

^ N+l 



m=l 

1 N+l iV+l 



]^ j^~Y^^rnN+l,-ye {Xn+i)S^^^ e'^ = SmN+l,-ye (AAr+l)*A'- 

m=l m=l 

establishing the first expression for The second expression is equivalent to the first by virtue 
of Lemma A. 1.6 and the identity Sm • • • s^S^^^ = SmN+iS^^^ in Sn+i- D 

4.3 The Yang-Baxter algebra and the regular representation of 
the dAHA 

In this section we note that the regular representation of the dAHA occurs in a natural way 
in the Yang-Baxter commutation relations as presented in Cor. 2.4.6. This does not appear to 
have been documented in the literature on the subject. However, it is another indicator of the 
close relationship between the dAHA and the QISM. 

Lemma 4.3.1. Let Xj,Xj+i G C. Then 

r/T-fcl h -7-^2 ^2] ^ ^ ( ■-r-k2hq--k\l2 q--k2h--r-k\l2\ _\^(\ -T^te 'l-T-fcl ^2 ) 
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In particular, Eqn. (2.4-16), Eqn. (2.4-20) and Eqn. (2-4-23) can he written as 

Ax^^.B^^ = (5,, , (4.3.1) 
Dx,^,B,. = {~sj,^B,.^,D,.) , (4.3.2) 
CA,+,5A, = (iA,DA,^,^,^.). (4.3.3) 

Proof. This follows immediately from Eqn. (2.4.15). We have used Sj,-y = Sj — ijAj and 
SjSj^j = Sj^-jSj in the derivation of Eqns. (4.3.1-4.3.2). □ 



Notation (Delimiting the action of divided difference operators and deformed permuta- 
tions). The parentheses in (^AjT^'^^^T^^^^^ delimit the action of the divided difference oper- 
ator Aj : it only acts on the Xj and appearing inside the parentheses. The same holds 
for expressions such as (^Sj^jBx.^^D\.) involving the deformed permutations. We emphasize 
that typically the integral operators 7^' act on functions that do not depend on fi, in which 
case the parentheses are unnecessary. 



From Eqns. (4.3.1-4.3.2) we can derive various expressions for the action of A/^ and on the 
wavefunction '^x: 

Proposition 4.3.2. Let 7 G M, L G M>o and (A, Ajv+i) € C^"*"-*^. Denote by wo the longest 
element in Sn (sending j to N — j, for j = 1, . . . ,N). Then 

= (1 - i tAat iv+i) . . . (1 - i 7A1 iv+i) e- ' *A 
= wo (1 - i7Aiiv+i) ... (1 - ijANN+i) e-'^^+'^/^^x, 
Dx^+,^x = SN,^ - - - si,jsi ... SAT e'^^+1^/2 

= (1 + i7AArjv+i) ... (1 + i7Aiiv+i) e'^^+i-^/^ 
= wo (l + i7Aijv+i) ... (1 + i7Aiviv+i) e^^^+1^/2 

Proof We will derive the expressions for D^^v+i^A from Eqn. (4.3.2). We have 

N+l 

= SN,jBx,^_^^Dxj^Bxjy_i - - - Bxi'^0 = ... = SAr,7 . ■ • si^-y^Ajv+i • • • -Ba2-Oai^0 
= SN,j - - - si^jSi . . . snBxj^ . . . -Bai-Daat+i*©- 

We have moved the D operator to the right as far as possible; now we use 
and we obtain 

i^A^+i*A = SN,j - - - 81,^31 ...SN e^ ^^+1-^/2 Bx^.-- Bx,^$, 
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leading to the first expression for Dx^^^^x- Lemma A. 1.7 provides us with the second expres- 
sion. Prom AjAT+i = woAjy^i-j ly^iwo and wq G S'at we obtain the third expression. The 
expressions for yl;^^^^^;^ are found in the same way, starting from Eqn. (4.3.1). □ 

We can now easily recover more properties of Ax^^^^^x and D^at+i^a- 

• Since ^x is S'Af-invariant in position space, so arc A\j^^-^^x and Da^v+i^a (any permuta- 
tion w commutes with the operators Sj^^ acting in momentum space and with the factor 
QiXN+iLy Because { : A satisfies the BAEs (2.5.3) } form a complete set in Hn, we 
obtain that A^ and are operators ouHn- 

• ^Aiv+i^A and Da/^+i^a can be obtained from each other by 7 — )• —^,L — )• —L. 
In fact, using this formalism we can provide an alternative proof for Prop. 2.5.6. 
Proposition 4.3.3. Le^ 7 / 0, L G M>o and (A,//) e C^+^ Then 

N 

A,^x = <(A) e-^'^V^ ^x + J2 (^i^A^ 

j=i J ^ 

N 

D,^>x = r-{\) e'^^/^ ^x-Y. ^x, (Aj)^ e^^^'^/^ 
Proof. Write Ajv+i = H- It is sufficient to prove 

= (^e^'^-^^/^r^^jX)-f:e^'^^/^r^^^^^^ Si^\ (4.3.4) 

this would concern the formula for -D/^^'a; to obtain the equivalent statement for A^^^x apply 
7 —7, L —L. Eqn. (4.3.4) can be proven by induction; the case N = is trivial. To 
establish the induction step, we first observe that 

Aj — An 

Xn - Ajv+i +i7 ^^^ _ ij \ 17 g sjv^W 

Xn — Xn+1 Xn — Ajv+i / Xj — Ajv 

Xn - Xn+i + 'iI' 17 ~ , . , . ^fN) 17 i7 ~ ~ $(n) 

r r T r Sj . . . SN-2SnSN-1SN'S^ '-^ : T — Sj...SAr5^ > 

AN — AN+1 Aj - An+1 An — AN+l Aj — An 

Xn - XN+i + n i7 ~ ~ ~ c(JV) i7 ~ ~ $(n) 

^ \^ 1^ ^ Sj ...SNSN-lS^ ^-T T T —Sj...SNS^ > 

AN — AN+1 Aj — An+1 an - AN+1 Aj — An 

Xn - XN+i+i-y i7 W 17 



Xn — Xn+i Xj — Xn+1 Xn — Ajv+i Aj — A^v 
Aj — Ajv Aj — Xn+1 



Sj ... SN 
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Now write A' = (Ai, . . . , A^v-i) e C^-^ and note that S^^'^^S^^) = S^^) so that, by virtue of 
the induction hypothesis, we have 

Sjv,7---si,7Si---sjve'^'^+i^<S(^) = sjv,7.. .51,751 ■••sjv-ie'^^-^sjv>S^^^ = 



N-l 



iV-l 



which estabhshes the induction step. □ 

Remark 4.3.4. As the statements made in this section are a direct consequence of the QYBE 
(2.3.4), it follows that the dAHA plays a role, through its regular representation, in the theory 
of any physical system with an TZ-matrix given by Defn. 2.3.1. 

4.4 The Q-operator 

For the QNLS model we can follow a method from statistical mechanics, initially formulated 
by Baxter for the eight-vertex model [1,2], which has been deployed for other solvable lattice 
models and spin chains (sec, e.g. [3,37-39,48,55]). In this method one constructs an operator 
Q\, known as "Baxter's Q-operator" , which is in involution with the transfer matrix and 
typically used to find the spectrum of as a substitute for the Bethe ansatz. Its application 
to the QNLS model is particularly interesting since it affords a connection to the Dunkl-type 
operators from Chapter 3. 

Theorem 4.4.1. Let 7 G M and L G M>o. There exists a family of operators {Q^ : G C}, 
densely defined on Hn = 'Hn{[—L/^,L/'^]), satisfying the following conditions. 

(i) For all A, G C, 

[Tx,Q^.] = [Qx.Q^ = ^■ (4.4.1) 
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(ii) The TQ-equation holds for all /j, e C: 

^nQn = 6 / Qfj^^i^ + e ^ Q^_i-y. (4.4.2) 

(in) IfXe C^g satisfies the BAEs (2.5.3) then Qx^^x = for allj = l,..., N. 

Proof. First we assume that (A, /x) G C^+^ and A satisfies the BAEs (2.5.3). Then from Thm. 
2.5.7 we know that the Bethe wavefunction is an eigenfunction of the transfer matrix T^: 

Multiplying by Hj^il^i ~ A*) arrive at 

(N \ / N N \ 

n(A,-^)UA= [e-"^'^/'ll{X,-f,-ij)+e''^'^f'll{X,-n + n)\^x. (4.4.3) 

Using the completeness of { : A satisfies the BAEs} in Hat, we may define the operator 
on a dense subset of Hat by specifying its action on Bethe wavefunctions as follows, 

Qm*a := ^n(A, - m) j ^x, (4.4.4) 

and extending this linearly. Property (iii) follows immediately. Eqn. (4.4.3) now reads 

Eqns. (4.4.1-4.4.2) follow by applying them on ^x, where A satisfies the BAEs (2.5.3), again by 
using completeness. □ 

We recall the Dunkl-type operators dj^^, j = 1, . . . ,N, which act as dj in the fundamental alcove 
W^. With this in mind, we now present the main result of this section. 

Theorem 4.4.2. Let A G C^g be a solution of the BAEs (2.5.3). Also, let /leC. Then 
and we have the identity 

N N 

= i dj,^ - /x) = (-1)^ i • ■ ■ > - i 5iv,^)/x^-" 

j=l n=0 

on a dense subspace ofTH-Nj where the elementary symmetric polynomial e^ is given by 

n 

en(A) = E n ^^"^ = E • • • (4.4.5) 

iggjy m=l l<ii<...<i„<Ar 
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Proof. Since i dj^^ — /i) is a symmetric polynomial in di^j, . . . , 5jv,7, we may use the first 

part of Thm. 3.7.3. Together with Eqn. (4.4.4) this implies that 



As { ^\ : A satisfies the BAEs (2.5.3) } is complete in and both and symmetric expres- 



Remark 4.4.3. Referring back to Eqn. (2.2.8) and Eqn. (3.5.7), we have seen the power sum 
symmetric polynomials in the Dunkl-type operators appearing as expansion coefficients with re- 
spect to n in the transfer matrix T^. The expansion of Baxter's Q-operator yields the elementary 
symmetric polynomials in the Dunkl-type operators. We remark that both sets of polynomials 
generate the algebra of symmetric polynomials in N indeterminates. From a physical perspective, 
T and Q are generating functions for alternative sets of integrals of motion. T is the natural 
object in the QISM and Q is the natural object in the dAHA method. The TQ-equation (4-4-^) 
connects these two approaches. 




sions in the c?j,-y are defined on a dense subspace, the second result follows. 



□ 
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Chapter 5 

The non-symmetric Yang-Baxter 
algebra 

In this section we set out the main body of original work in this thesis. We will describe operators 
a^, b^, c^, that are extensions of the operators Af^, B^, C^, G End{'H{[—L/2,L/2])) from 
Chapter 2 to a dense subspace off) = f)([— L/2,L/2]). These operators generate a subalgebra of 
End([)) which we will call the non- symmetric Yang-Baxter algebra. For example, we will discuss 
operators 6^ G Hom([}jv, i)N+i) that generate the pre-wavefunctions recursively, i.e. 

V'Ai,...,A^+i = ^>A;v+i^^iv,Aiv = ^AiV'A2,...,A^+i, (5.0.1) 
in correspondence with Eqn. (2.5.2): 

.,Ajv ) 

note that since V'Ai,...,Ajv+i S'jv+i-invariant (in position or momentum space), it is natural 

that there should be two ways of recursively expressing it as in Eqn. (5.0.1). We will prove 
this recursive property based on Cor. 3.6.13 and identities dj^^b'^^^^ • • ■ ^Ai ~ ^J^Xn+i " '^Xi 
^j,7^Ai • • • ^Aiv+i ~ '^:'^Ai ■ ■ • ^Ajv+i i = 1) ■ • • ) + 1- Using the definition of in terms 

of the which are in turn defined in terms of representations of the dAHA, and the above 
recursion Eqn. (5.0.1), we are able to give a new proof (Cor. 5.2.4) for the QISM recursion 

*A = nf=iSA,^0. 

Also, in Section 5.3 we will obtain commutation relations for the non-symmetric Yang-Baxter 
algebra on a subspace of t) by expressing the operators a^, d^, and in terms of the 6^ and 
using Eqn. (5.0.1). 
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5.1 The non-symmetric integral operators 

5.1.1 Definitions and basic properties 

For G Z>o, n = 0, . . . , we recall 

= { (ii, . . . , i„) G {1, . . . , Ny : i; / for / ^ m } . 

We also recall that given i & i% and x G J^, unless otherwise specified, Xi^ denotes L/2, and 
Xin+i denotes —L/2. 

Let A'' be a nonnegative integer and / G F{J^). We can act on such functions by "deletion", 
"insertion" , and "replacement" of variables, as follows: 

Deletion. Let x G J^+^ and j = 1, . . . , iV + 1. Then 

i4>jf)ix) = f{Xj) = f{xi,...,Xj,...,XN+l)- (5.1.1) 

Note that G Hom(jr(J^), jr(J^+i)). 
Insertion. Let y G J. We consider G Rom{J^{J^+^),J^{J^)) given by 

{4>'^iy)f){x) = f{y,xi,...,XN), {4>~{y)f){x) = f{xi,...,XN,y)- (5.1.2) 

Also note that 

[^+{y),^-{z)]=0. (5.1.3) 

The operators <^^(y) are non-symmetric versions of the quantum field $(y) (up to a scalar 
factor) . 

Replacement. For j = 1, . . . , N and y G J, we have 

{4>3~^yf){x) = f{xi,...,Xj-i,y,Xj+i,...,XN), 
and, for i G i^, y G J**, 

n 

^i-^y = n ^im-^ym- (5- 1-4) 

m=l 

We note that <pi^y G End(J^(J^)); furthermore, for all w G Sn we have 

W(t)i-^y = (pwi-^yW. (5.1.5) 
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Given z = (zi, . . . , z„) G ij^, write z+ = (ii + 1, . . . , z„ + 1) G ijv+i- Recall the notation 0i for the 
multiplication operator in End(J"(M^g)) defined by {6if){x) = 0{xi^ > Xi^ > . . . > Xi^)f{x), 
for / G ^(M,^g), X G M,^g. 

Definition 5.1.1. Let L G M>o, A G C and n = 0,...,N. Given i G i^, the associated 
elementary (non-symmetric) integral operators, 

eji = ^%n...i„ : f)iV ^ [}JV, 

are densely defined on D{[—L/2, L/2]) by means of: 

JJ / dy^e'^^^'^+i-^'-) where = xi, 

^A;ilaiv = e'^^^+i ^AT+ii In/'"' dy„e^^(^'--2^'"M 0i^y(^Af+i, where = xjv+i, 



\ra=\ -^i-m 



n 



\m=l -^^^'m+i / 
\m=l -^^im / 

= ( n Z'^" dy^e'^(-^--^-) ) <^i^j,r (yo) 

\m=0 -^^^m+l / 
/ri+1 „2.. _^ \ 



For the latter four operators, the standard conventions Xi^^^ = —L/2, Xjg = L/2 apply. 
Note that for n = the above definitions e^^" := e^.g simplify to 

(^A • • -^^N+l) = e'^^i /(a;2, • • • , XN+l) 

(e-/)(xi, . . . ,xjv+i) = e'^^^+i /(xi, . . . , xjv). 
We have already encountered the operator in Section 4.2. Note that 

2+ pi-^ _ pKi".-^) 2- piA _ pi(A,/i) 

which can be seen as the 7 = case for the intended recursions Eqn. (5.0.1). 
Example 5.1.2. Let A G C. The statement 

J XI 



86 CHAPTER 5. THE NON-SYMMETRIC YANG-BAXTER ALGEBRA 

means that for all / G O2, (xi, X2, ^3) G the function is defined by 

(e+j) (xi,X2,X3) = e^^"i0(x3-xi) r dye'^^''^-y^fiy,X2). 
Useful properties of these maps are listed and proven in Appendix B. 



Definition 5.1.3 (Non-symmetric integral operators). Let L G M>o, 7 G M and A G C. We 



define the operators a\,b^,c^,d\ on [3 by specifying their action on D: 



aA = Xl^""^;"' where «A;n|!)jv = XI ^A;i' (5.1.6) 

&A = E 7"&A;n> where b%J,, = X ef., (5.1.7) 

n>0 i&% 

CA=E^"^A;n' where c%J,,^, = J2 e%, (5.1.8) 

n>0 iei'^ 

dx = '^j''dx;n, where f^A;n|o;v = E ^A;i- (5.1.9) 
n>0 iei" 



Proposition 5.1.4 (Properties of the non-symmetric integral operators). Let L G M>o, 7 G M 
and A G C. The operators ax,b^,c^, d\ have the following properties. 

(i) We have 

(a) is the formal adjoint of c^, and ax is the formal adjoint of d^. 
(Hi) The actions of ax, b^, c^, dx on *0 are as follows: 

a;,^'0 = e-^^^/2^'0, (6±*0)(x)=e'^^ c±*0 = 0, c^A^g = e^^^/^ ^0. 

(iv) The operators ax, b^, c^, dx are bounded on the dense subset ()fin- Hence, they can be seen 
as endomorphisms of and can be composed with other elements o/End(f)). 

(v) For w G Sn, we have 

[w,ax%^ = [w,bl\\^j^ = = [w,dx]\ii^ =0. 

Furthermore, 
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Proof. We prove each property separately. 

(i) This follows from the definition of the elementary integral operators. 

(ii) Using Lemma B.1.1 we see that 

N N 
n=0 iei^ n=0 iei^r 

where / G i)N-i and g E i)N- The other adjointness relations are demonstrated in the 
same fashion. 

(iii) This follows immediately by using the definition of these operators in terms of the elemen- 
tary integral operators. 

(iv) This follows from the triangle inequality for the operator norm and the fact that the a^, 
b^, c^, dx are all finite linear combinations of the elementary integral operators. 

(v) This is obtained by summing the statements in Lemma B.1.3 over the appropriate multi- 
indices i. □ 

In light of Prop. 5.1.4, Property (i), the operators will be referred to as the non-symmetric 
creation operators. 

Example 5.1.5 {N = 2). We will present here expressions for the action of the non-symmetric 
integral operators a\,b^,c^,dx on suitable functions f. The reader should compare this with 
Example 2.4.5. For / G O2 and {xi,X2) G we have 

fXl [•X2 



(aA/)(xi,X2) = e-'^^/2 /(a;i,x2) + 7 / dye^^M /(y,^^) + ^ / dy e^^M /(xi, y)+ 

Y J-L/2 J-L/2 

pxi pX2 

+ j^9ixi > X2) / dyi / dy2 e'>^^-^+-^-y^-y^) /(yi, ^2)+ 

Jx2 J-L/2 

l'X2 rxi \ 

+ J^9{X2 > Xi) / dyi / dy2 6^^(^1+^2-2/1-2/2) j^y^^ ^ 

Jxi J-L/2 ) 

( rL/2 i'L/2 

{dxf){xi,X2) = e'^'''Hf{xi,X2)+l / dye^^(-i^)/(y,X2)+7 / dye'^M /(xi, y)+ 

\ J x^ J X2 



+ 72e(xi >X2) dyi r dy2e'^(^i+^2-S'i-^2)/(yi,y2)+ 

J X\ J X2 

I'L/2 f-X2 \ 

+ ^H{X2 > xi) / dyi / dy2 e^A^^i+^^-^i-^^^) /(ya, yi) 

J X2 J X\ I 
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For / G D2 o.nd {xi,X2,X3) G we have 

(6-/)(xi,X2,X3) = e^^^3 (^f{xi,X2) + 79ixs>xi) J^' dye^^^^i-^) f{y,X2)+ 
+ je{x3 > X2) / dye'^(^2-^)/(xi,y)+ 

+ 7'^(X3 >xi> X2) / dyi / dy2e'^(^^+^^"^^"^^)/(yi,y2)+ 

Jxi J X2 

rxz rX2 \ 

+7'^(X3 > X2 > xi) / dyi / dy2 e'^(=-i+^2-2/i-2/2) j^^^, yi) , 

J X2 J X\ / 

(6+/)(xi,X2,X3) = e^^"i (^fix2,X3) + j9{x2>xi) J^' dye^^("2-^)/(y,X3)+ 

rx2 rx3 

+ 72^(X2 > X3 > xi) / dyi / dy2 e' ^(^2+^3-^1-2/2) f{y^^y^)+ 

J X3 J Xl 

rX3 rX2 \ 

+7'^(X3 > X2 > Xl) / dyi / dy2 6^^(^2+^3-2/1-2/2) yi) . 

Jx2 Jxi / 



1x2 •'Xl 

Finally, for / € D3 and (xi,X2) G w;e have 

rL/2 nL/2 nxi 



dye-'^^/(y,xi,X2) + 7 / dyi / dy2 e'^^^^-^^-^^) y^^^, yi, ^2)+ 

-L/2 Jxi J-L/2 

+ 7/ dyi / di/2e'^(^^-^^-^^^/(y2,a:i,yi)+ 

i-L/2 pxi pX2 

+ j^9ixi>X2) dyi dy2 dy3 e'^^^^+^^-^/i-M) ^(^3^ ^2)+ 

Jxi Jx2 J-L/2 

pL/2 /•X2 rxi 

+ 7^eix2>Xi) dyi/ dy2 / dy3 6^^(^1+^2-2/1-2/2-2/3) _^(y3^y2,yi), 

Jx2 Jxi J-L/2 

rL/2 i-L/2 rxi 

(c+/)(xi,X2)= / dye-^^^/(xi,X2,y) + 7 / dyo / dyi e'^(^i-") /(yi, X2, yo)+ 

J-L/2 Jxi J-L/2 

fL/2 j-X2 

+ 7/ dyo/ dyi e' ^(^2-2/0-2/1) 

Jx2 J-L/2 

j-L/2 j-xi pX2 

+ j''9{xi>X2) dyo dyi dy2 6^^(^1+^2-2/0-2/1-2/2) yo)+ 

Jxi Jx2 J-L/2 

j-L/2 px2 rxi 

+ ^^0{x2>xi) dyo dyi dy2 6^^(^1+^2-2/0-2/1-2/2) j^^^^ y^). 

Jx2 Jxi J-L/2 

5.1.2 Connections with the QNLS symmetric integral operators 

W6 now highlight why th6 op6rators a;^, 6+, c+, are relevant to the study of the QNLS model. 
First of all, we have 
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Lemma 5.1.6. Let J = [-L/2, L/2] with L G M>o, 7 G M, A G C and F G Hn- Then 

axF\jN = AxF\jN S^^+^h^F\jN+i = BxF\jn+i 

<^A-^ljf-i = CxF\jN-i dxF\jN = DxF\jN. 

Proof. By summing over all suitable i in Lemma B.1.5; we remark that in the definition of 6^ 
there is an extra condition on i (involving the labels 1 and N + 1, respectively), so that we need 
to symmetrize to get a sum of all i G □ 

Proposition 5.1.7 (Symmetric integral operators as restrictions of non-symmetric integral 
operators). Let L G M>o, 7 G M and A G C. Then 

^xI-Hn = ^A, ^^^'^^''b'^lHN = -^A, C\\hn = C'a, dxl^N = Dx- 
Proof. We make the following observations. 

• From Prop. 5.1.4 (v) we may conclude that ax and dx map S^v-invariant functions to 
S'AT-invariant functions. 

• The two operators S^^^^'^b^ evidently map to S'jv+i -invariant functions and by virtue 
of Lemma 5.1.6 their actions on an element of Hn coincide on the alcove and hence 
everywhere. 

• maps S'jv+i-invariant functions to ^jv-invariant functions due to Prop. 5.1.4 (v); more 
precisely, 

^+^(JV+1) ^ ^ ^+^(jv)^(iV+l) f ^ ^(iV)^+^(iV+l) 

for an arbitrary / G \Jn+i- Also, by summing over all suitable i in Lemma B.1.4 we obtain 
that c^Iun — '^xI'Hni so that has the same property. 

Since S^v-invariant functions are determined by their behaviour on the fundamental alcove , 
application of Lemma 5.1.6 completes the proof. □ 

An important consequence of Prop. 5.1.7 is the following 
Corollary 5.1.8. Let L G M>o, 7 G M onci A G C. 

= 5(^+1)6^ G Rora{i)N,nN+i). 

Proof Prom Prop. 5.1.7 we obtain that BxS^^^ = S^^+^^b'S^'^h Applying Prop. 5.1.4 (v) 
gives the desired result. □ 

Cor. 5.1.8 can be neatly conveyed as a commuting diagram (Figure 5.1.1). 
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T-Ln — > T-Ln+i 

Figure 5.1.1: Diagrammatic presentation of Cor. 5.1.8 

5.1.3 Relations among the non-symmetric integral operators 

The following proposition will be used to reduce statements involving the operators ax, and 
dx to statements about 6^. 

Proposition 5.1.9. Let L G M>o and 7 G M. 

(i) For A G C, in End({)Ar) we have 

6+<^+(-L/2) = <^+(-L/2)5i6+ hir{L/2) = ^-(L/2)sAr6^, 

i.e. for / € JJat and {xi, . . . ,xn) G we have 

{b+^+{-L/2)f) {xi,...,xn) = {btf) (xi, -L/2, X2, • • . , xn), 
{b^4>~{L/2)f) {xi,...,xn) = {bxf) {xi,. . . ,xn-i,L/2,xn)- 

(a) For X E C, in End(f)jv) we have 

aA = 0+(-L/2)6+ dx = riL/2)b^, 

i.e. for / G Dat and {xi, . . .,xn) G we have 

(«a/) {xi,..., xn) = {blf) {-L/2, xi,...,xn), 
(dxf) {xi,..., xn) = {b^f) {xi,..., XN, L/2). 

(Hi) Let X, /J, E C Then in }lom(i)N,^N+i) 

b+a^ = ^+{-L/2)sib+b+, b'd^ = ^-{L/2)sN+ib^b-, 

i.e. for / G Oiv and {xi, . . . ,xn+i) G J'^^^ we have 

i^^f^f) (xi,---, XN+i) = (btb'l^f) {xi, -L/2, X2,..., XN+i), 
iPx'^iJ.f) {xi,...,XN+i) = ib^b'f) {xi,. . . ,XN,L/2,XN+i)- 
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(iv) Let A G C. In Hoin({)^+i, [)iv) we have 

7C+ = [r{L/2),a^] = <^+(-L/2)[<^-(L/2),6+], 
7c^ = [0+(-L/2),dA] = r{L/2)[4>+{-L/2),b^]. 

Proof. The properties are proven separately. 

(i) This follows from the definitions of e^. For the product L/2)si6j note that those 
terms in the underlying summation over i E with ii = 1 vanish, because of xi G J: 
either 9{. . . > —L/2 > xi) = will occur or there will be an integral with upper and lower 
limit equal to xi = —L/2. A similar argument can be made for the product 4>~ {L/2)sNb^ . 

(ii) This follows straightforwardly from the definitions of 6=*=. 

(iii) This is established by combining Properties (i)-(ii). 

(iv) In {b'^f){L/2,x, —L/2) {x G M^) split the summation over i & i% into those terms with 
ii = A^, corresponding to the terms appearing in {c^f){x), and those with ii ^ N, 
corresponding to the terms appearing in {axf){L/2,x). Then use ^~^{—L/2)(j)~{L/2)b'^ = 
4>~{L/2)a\ by virtue of Property (ii). A similar argument for b^ is used. □ 

Remark 5.1.10. Properties (ii)-(iv) in Prop. 5.1.9 may in fact be used to define ax,dx,c^. 
These identities are generalizations of Prop. 2.4.2 (v), the corresponding identities for the 
symmetric operators Ax, Bx,Cx, Dx G End('H). 

5.2 Recursive construction of the pre-wavefunction 

In order to prove the important recursive property Eqn. (5.0.1), we will present commutation 
relations between b^ and dj^y which are backed up by lemmas from Appendix B.2. Crucially, 
this will also rely on Cor. 3.6.13. 

First we need to address the difference in domains between the Dunkl-type operators (acting on 
smooth functions on the regular vectors M^g) and the creation operators (acting on squarc- 
integrablc functions on the bounded interval [—L/2, L/2]). Note that the formulae defining 
the b"^ can be seen as defining linear maps, denoted by the same symbols, from C(M^) to 
C(M^"'"^), for any nonnegative integer N; the reader should compare this to the interpretation 
of Bx as an element of Hom(C(M^)'^~,C(M^+^)^^+i) in Section 2.6. Furthermore, both bf 
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restrict to elements of Hoin(CB°°(M^), CB°°{M.'^'^^)), as they clearly preserve smoothness on the 
(open) alcoves of M^. By restricting the functions upon which the act to M^g, finally we 
may view as elements of Hom(C°^(M^g), C°^(M^^"'^)). Therefore, compositions of the form 
dj^'^^^bf for J = 1, . . . , + 1 and b^dj^^ for j = 1, . . . , A'' make sense as linear operators: 

Proposition 5.2.1. Lei 7 G M and A G C. Then in Hom(C°°(M^g),C°°(M^+^)) we have 

C?>A = i d^^^%t = iA6|, (5.2.1) 

C'^^^A = €t>t = J = 1,...,N. (5.2.2) 

Proof. We write dj^^ for the partial derivative dj acting on functions defined on (an open set 
in) . For Eqn. (5.2.1), by collecting powers of 7 we see that it suffices to prove 

(4^+^) - i A)6X;o = 0, {di'''-'^ - i A)6+o = 0, (5.2.3) 

K"n+1 ^^)"\;n+l - ^N+1 "X;n^ 



ioin = 0,...,N -1, (5.2.4) 
(8r'-iA)6j„«=Ar'6j„, 

'^'nVK^n = «. Ar 'ftj^ = 0. (5.2.5) 

Eqn. (5.2.3) follows from {b^.of){xi, . . .,xn+i) = e'^''~+i f{xi, . . .,xn) and (6+.g/)(zi, . . .,xn+i] 
_ gi Axi J(^X2, . . . , xat+i). Eqn. (5.2.4) is established in Lemma B.2.9, and Eqn. (5.2.5) in Lemma 
B.2.10. 



Again by collecting powers of 7, for Eqn. (5.2.2) we see that it is sufficient to prove 

tor n = 0, . . . , A^ — 1, (5.2.7) 

Ar'^liv-^AlivAf), Al«"6.V = ''.VA<'". (5.2.8) 

We note that Eqn. (5.2.6) is trivial since (6^.q/)(xi, . . . , xjv+i) = e^^^^+^ f{xi, . . . ,xn) and 
(6^.q/)(xi, . . . ,Xiv+i) = Q^'^^^ f{x2, ■ ■ ■ ,xn+i)- Eqn. (5.2.7) follows from Lemmas B.2.11 and 
B.2.12 and Eqn. (5.2.8) is established in Lemma B.2.13. □ 



We can now prove one of the main results of this thesis. 
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Theorem 5.2.2 (Recursive construction for the pre-wavefunction). Let 7 G M and (Ai, . . . , Ajv) G 
C^. We have 

V^A^.-.A. = • • • ^A,*0 = bt--- bt^^ e C^-(M^). (5.2.9) 
Hence, we have the recursion 

^Ai,...,A. = &A.V'A„...,A._i = &tV'A.,...,A. € CH-(M^). (5.2.10) 

5mce the functions ijjx and the operators do not depend on L, we may interpret Eqns. (5.2.9- 
5.2.10) as identities in \]n{[—L/2,L/2]), where we have denoted the restriction of ip\ to the 
bounded interval [— L/2, L/2] by the same symbol. 

Proof First of all, we note that b^^ . . . 6^1*0 and 6^1 •• • ^Ajv*® elements of CB°°{R^) 

since *0 G CH°°(M°) ^ C. In light of Cor. 3.6.13, showing that b~^ . . . 6^^*0, 6+ . . . 6+^*0 G 
CB°°{R^) are solutions of the system (3.5.11) would imply that they are at least proportional 
to V'Ai,...,Ajv Let j = 1,...,N. Then 

diVK ...67 =67 ...67 5p267 ...67 

j,7 Ajv Ai Ajv J,7 Aj Ai 

by repeated application of Eqn. (5.2.2) in Prop. 5.2.1. We invoke Eqn. (5.2.1) and obtain 
d^^^bT . . . 67 = 67 ...67 iAo67---67 =iAi67 •■■67 67 ■••67, 

J,J Ajv Ai Ajv A^+i J Aj Ai J Ajv Aj+i Aj Ai ' 

an identity in Hom(C°°(M°eg),C~(M^g)), with C~(M°eg) ^ C. We obtain that b^^ . . ■6^^*0 G 
CB°°{M.^) is an eigenfunction of dj^^ with eigenvalue iAj, for all j = 1,...,N, as required. 
Similarly, we see that 6 . . . *0 is an eigenfunction of dj^^ with eigenvalue Xj : 

dfjbt ... 6+ =6+ df7%+ ... 6+ = . . . = 6+ . . . 6+ 5^6+ ... 6+ 

j,7 Ai Ajv Ai :;-1,7 A2 Ajv Ai 1,7 A^- Ajv 

= 6+ ... 6+ i A,-6+ ... 6+ = i A,-6+ ... 6+ 6+ ... 6+ . 

It follows that 6^^...6^^*0 and 6j^...6^^*0 are multiples of V'Ai,...,Ajv To see that they 
are in fact equal, it suffices to show that the functions coincide on the fundamental alcove 
= { cc G : xi > . . . > XAT }. Eqn. (3.6.2) yields V^Ai^.^AjvIr^ = e'(^i'-'^'v). To see that 
67^ . . . 67^^0IirJv = q^^^'^'—'^n) need a simple inductive argument; in the fundamental alcove for 
all j = 1, . . . , iV- 1, we have xn < Xj, so that for all /jv_i G CB°°{R^-^) and (xi, . . . , xat) G 
we have 

(6^^/iv-i)(xi, ...,xn) = e'^^^~ fN-iixi, . . . , XN-i). 



94 CHAPTER 5. THE NON-SYMMETRIC YANG-BAXTER ALGEBRA 

Now (xi, . . .,xn-i) e and if /n-i = h1^_jN-2 for some fN-2 e CB°°{R^~'^) then again 

we see that f^-iixi, ■ . . ,xn-i) = e^-^-^-i^-^-i fN-2{xi, ■ ■ ■ ,xn-2) so that 

ibxJx^.jN-2)ixi, ...,Xn)= eK^^-l-^-l+^^^-~) /;v-2(xi, . . .,XN-3). 

Continuing thus, wc obtain that (6^^ . . . 6^_^^'0)(xi, . . . ,xn) = e^^J '^^^^ ^'0 for 

(xi, . . . , xat) G M^; hence 6^^ . . . ^^^^©Ikjv = e^(^i>---'^N) required. A similar argument shows 

that6+ ...6+^^'0|K^=e'(^^'-'^^). □ 

Remark 5.2.3. Eqn. (5.2.10) can he seen as a Fourier transform of the statement in Prop. 
4-2.1, and as a generalization of Eqn. (2.5.2) to non-symmetric wavef unctions. 

We have demonstrated how the pre-wavefunction can be generated by the successive apphcation 
of operators 6^. We are now able to give an alternative proof that the defined using the 
QISM (i.e. by repeated application of the operators Bx^) is in fact equal to the ^\ defined using 
the dAHA (i.e. by symmetrizing the pre-wavefunction): 

Corollary 5.2.4. Let L G M>0; j e R and \ = {Xi, . . . , Xn) e . Then 

*A = ^Aiv*Ai,...,Ajv-i- 

Hence, = -Bajv • • ■ -Bai *0 ■ These may be viewed as identities in both CB°°{M.'^)^'^ and 
'Hn{[-L/2,L/2]). 

Proof. Straightforwardly we have, by virtue of Eqn. (5.2.10) and Cor. 5.1.8, 

*Ai,...,A. = 5(^Vai,...,A. = '5^^^&A.V'Ai,...,A._i = Sa,5(^-^)Vai,...,A._i = Ba,*Ai,...,A._, • □ 

Proposition 5.2.5 (Relation with the non-symmetric propagation operator). Let L G M>o, 
7 G M and /j. E C We have 

p^^+i)e^ = 6^pW e Hom(C^°°(M^),C^~(M^+i)). 

Proof. Note that the e^^ (AG C-^) form a complete set in f)jv(lR'^) (in the sense discussed in 
Section 2.6). Hence the proposition follows from the observations 

Pf+i)e;e^^ = Pf+i)eH^''^)=V'A,M 

and 

6^P^^)ei^ = 6;VA = V'A,^- □ 

The commuting diagram in Figure 5.2.1 conveys Prop. 5.2.5 succinctly. Furthermore, we can 
summarize the contents of Thm. 5.2.2 and Prop. 5.2.5 in Figure 5.2.2. 
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(JV+l) 



Figure 5.2.1: Diagrammatic presentation of Prop. 5.2.5 which conveys the notion that first 
applying the propagation operator P^^^ and then the 7-dependent particle creation operator 

gives the same result as first applying the free particle (7 = 0) creation operator and then 

0(^+1) 



1 ^ e'^i ^ eK^i'^2) _^ ^ . . . 



1 ^V'Ai 



"As 



:,(2) 



A2 



"A3 



Bai 



5W=1 



5(2) 



. . . 



1 ^ ^-Ai ^ *Ai,A2 > . . . 



gi(Ai,...,AAf_i) gi(Ai,..,AAf) 



3(JV-i) 



-^V'Ai,...,A^_i 



5(^-1) 



Ai,.--,Ajv-i 



V'Ai,...,Aiv 



-^^Ai,...,A, 



Figure 5.2.2: Scheme for recursive constructions of the wavefunction In the three rows we 
have the non-symmetric plane waves, the non-symmetric pre-wavefunctions (highlighting the 
new formulae from Thm. 5.2.2), and the symmetric Bethe wavefunctions. Note that the three 
operators e^, 6^, Bx coincide when acting on t)o or f)i. The plane waves can be obtained from 
the pre-wavefunctions by setting 7 = 0. This also works on the level of the creation operators; 
when setting 7 = in 6^ one obtains . 

5.3 Commutation relations 

Let J = [— L/2,L/2] be bounded. We will now prove commutation relations of the non- 
symmetric integral operators ax,b^,c^,dx, which we will refer to as the non-symmetric Yang- 
Baxter relations. These operators are defined on a dense subset of f)Ar = J) at (J); however, we 
will only prove these relations here on the subset 



3Ar = (VA:AGC^), 



(5.3.1) 



i.e. the completion of the subspace oii)N spanned by the pre-wavefunctions tl^x- 
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Proposition 5.3.1. Let L G M>o, 7 G M and eC Then 

[b'il,K] = e Hom(3jv,3iV+2)- 

Proof. This follows from the fact that b~b^ip\ and b^b~ip\ both equal for A G C^, as 

per Thm. 5.2.2. □ 

The next theorem generalizes the connection of the Yang-Baxter algebra with the regular rep- 
resentation of the dAHA in momentum space studied in Section 4.3 to the non-symmetric case. 

Theorem 5.3.2. Let L G M>o, 7 G M and Ai, A2AJV+1, Xn+2 € C. Then we have 

^iV+l^'A^v+a^Ajv+i = (5jV+l,7?>A^+2^A^+i) ^ Hom(3jv, 3iV+2) 

«l^Ai^A2 = (^l-T^'Ai^t) ^ Hom(37v,3iV+2). 

Moreover, we have 

^W^^^+i = (^^+i.7'^A;v+2^Ajv+i) ^ Hom(37v,3iV+i), 

^Ai'^Aa = (si.TOAi^'Aa) ^ Hom(3Ar, 3iV+l), 

or, alternatively, 

c^Ajv+2^Ajv+i = (^^+i:7^Aiv+2^^iv+i) G Hom(37v,3Ar+i) (5.3.2) 



ax 



l^A2 



(^si^^^l^aAa) G Hom(3Ar,3iV+i)- (5.3.3) 



Proof. Prom Lemma 3.6.12, Eqn. (3.6.13) we have, for arbitrary (Ai, . . . , AAr+2) G C''^''"^ 
Using Eqn. (5.2.10) this is equivalent to 

SJV+l?'AAr+2^AA,+iV'Ai,...,A^r = ^iV+l.T^AAr+a^A^f+i V'Ai,...,A^ , 

which yields the desired identity for compositions of 6" . A similar argument applies for compo- 
sitions of b+, using SiV'Ai,...,Ajv+2 = Sl,7V'Ai,...,Ajv+2' and V'Ai,...,Aiv+2 = ^Ai^A2^A3,...,Ajv+2- 

The statements connecting the operators b~ and d, and b~^ and a, respectively, are obtained 
by sending the appropriate Xj to its minimum or maximum value (i.e., ±L/2) in Thm. 5.3.2, 
relabelling the remaining Xj and using Lemma 5.1.9 (ii)-(iii). The alternative formulations Eqns. 
(5.3.2-5.3.3) follow from Lemma 2.4.7. □ 
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"Unpacking" the notation involving the operators sj^j in Thm. 5.3.2 we obtain 

1 'y 

SN+ib'^b~ - b~b^ = [bx,bj^] e Hom(3iv,3iV+2), 

siblb+ - b+b+ = [6+,6+] G Hom(37v,3iV+2), 

[bx^dfi] = ^^^^^ ~ ^^^>^'^ ^ Hom(3Ar,3iV+i), 

— 1 

K'^m] = (^A^u - cIm^a) ^ Hom(3Ar,3Af+i)- 

Lemma 5.3.3. Let L G M>o, 7 G M and (A, Aat+i) G C^+^ Then 

axN+i'^x = Sat -7 • • . si,-7Si . . .sn e~'^''+^^/'^ ipx 

= (l-i7A^^+i)...(l-i7Ai,v+i)e-'^^+i^/'VA (5.3.4) 
dx^+i^l^x = SN,^ ■ ■ ■ h,jSi ... SAT e'^^+i-^/^ Va 

= (l + i7AiVAr+i) ...(l + i7Aiiv+i) ^^+1-^/2 V'A- (5-3.5) 

Proof. Using Eqn. (5.3.2) we can move the operator d to the right, as follows: 
dx^+,tpX = dx^^,b^^...b^^^Q = S7v+l,7^Ajv+i'^A^^A;v-i---^Ai^0 

= SN+i,jb~^^^SN,^bl^dx^_,bl^_^...b^^^9 = ... = SN,j...si,^b-^^^...b^^dx,^9. 

Prom di^^d, = e''*^/^ ^'0 we obtain 

dxM+i'^X = SiV,7 ■ • • Sl,7 e''*'!^/^ ^A2,...,Ajv+i = 5Ar,7 ■ ■ • Sl,7Si,7 . . . sn,^ e'^^+iV2 

as required. Using Lemma A. 1.7 we also find the other expression for c/ajv+iV'a- The expressions 
for axj^j^^'^x are obtained analogously. □ 

Corollary 5.3.4. Let L G M>o, 7 G M and X,iJ,£C. Then [dx,d^] = G End(37v). 

Proof. It suffices to show that dAjv+2^Ajv+iV'A is invariant under A^v+i ■<->■ Xn+2, for (A, Ajv+i, Aiv+2) 
G Applying Eqn. (5.3.5) we note that 

dx^+^dx^+,^x = (1 + i7A7VJV+i) ■ ■ • (l + i7Aijv+i) e^^^+i^/^ dx^+.^x 

= ^1 + i7AArAr+i^ ... (^1 + i7AiAr. 



1 • 



• (l + i7Aivjv+2) . . . (l + i7Ai jv+2) e^(^~+i+^~+2)^/2 
= ^1 + i7AArAr+i) (l + i7AjvAr+2) • • • • 

• ... (1 + i7Ai^+i) (1 + i7AiAr+2) ei(^^+i+W)^/2 
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Writing 

yN+i,N+2{j) ■= + ijAjN+i^ (l + i-fAjN+2^ = 1 + i^{AjN+i + AjN+2) - j'^ Aj N+iAj n+2 

for j = 1, . . . ,N, it follows that 

dx^+,dx^+,^x = yN+l,N+2{N) . . . yN+l,N+2{l) eK^^+i+W)V2 

Note that the expression c^(-^'^+'^^'^^+^^^^'^ ^lJx is invariant under Ajv+i ^ ^n+2, i-e. under the 
action of the symmetrizer ^(1 + sn+i), so that it is sufficient to show that 

yN+l,N+2{N) . . . ?/Ar+i,Af+2(l)(l + SN+l) = yN+2,N+l{N) . . . yAr+2,Ar+i(l)(l + Sn+i)- 

This in turn follows from repeatedly applying 

yAr+l,iV+2(j)(l + SN+l) = yiV+2,iV+l(j)(l + SN+l), 

which is a consequence of 

Aj N+lAj N+2i^ + SN+l) = jv+2Ajiv+l(l + SN+l) 

a restatement of Lemma A. 1.8. □ 

Write 3fin = f)fin H {Jj^^q^n- Using Prop. 5.1.4 (ii) we may take adjoints of the statements in 
Prop. 5.3.1, Thm. 5.3.2 and Cor. 5.3.4 and obtain 

Theorem 5.3.5 (Non-symmetric Yang-Baxter algebra). Let L G M>o, 7 G M and A,/x G C. 
Then we have the following relations in End(3fin).' 



[ax,a^,] = [bx,b+] = [c^,c+] = [dx,d^] = 

K, b+] = -JZTf^ (^A «M - K^\) > [^A ' «m] = ^^^^^ ~ ^^^^^ ' 

1 1 'Y 

I'^^' = ^^^'^'^ ~ ^^^^^ ' = yTJ^ (^^^M ~ ^/'^A ) ' 

["^' 4] = (^A - c'l^ax) , [cx,aiA = («ac+ " «m4 ) > 

1 1 "Y 

[t^A, c^] = -^Zr^ (^A - c^^^a) , [cx,d^,] = -^^^ (t^Ac;: - d^c-^) . 



It can also be checked that [6^,^^] 7^ (as expected) by applying both b^b^ and b^b^ to ^'0. 
This is equivalent to saying that ^a,^ 7^ ^^t,A) as can be immediately checked from the expression 
for ipxi,\2 ill Example 3.6.17. By taking adjoints it follows that [c^,c^] / 0. 



We actually claim that a stronger result holds: 
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Conjecture 5.3.6. The relations listed in Thru. 5.3.5 hold in End(l)fin); o-nd hence in End(f)). 

This could be proven by showing that the set of all ipx, where A runs through C^, is complete 
in f)7v e.g. by establishing invertibility of the propagation operator P^^^ on a dense subset of 
f)jv containing the pre-wavefunctions and using the completeness of the plane waves e'^ in f)iv 
Alternatively, it may be possible to establish commutation relations among the 6^.^ G End(t)Ar) 
and use the expansions 6^ = X]„7"&^.„ to establish Prop. 5.3.1 and the first two statements in 
Thm. 5.3.2 as identities in Hom([)Ar, \)n+2)- 

Remark 5.3.7. Note that all presented relations in Thm. 5.3.5 can he "symmetrized" to estab- 
lished relations for the symmetric integral operators as presented in Cor. 2.4-6. For example, 
from 

t'*^' = ^^^^^ ~ ^^^^"^ 

one obtains 
which yields 

by virtue of Prop. 5.1.4 (v). Then applying Prop. 5.1.7 gives Eqn. (2.4-16). This way all 
relations in Cor- 2-4-6 are obtained, except the AD-, BC-, CB- and DA-relations. 

Another set of commutation relations can be obtained from Lemma 5.1.9 (iv). These cannot be 
symmetrized to relations in Cor. 2.4.6. 

Lemma 5.3.8. Let L G M>o, 7 G M and A,/x G C such that A 7^ /x. Then 

[«A, d^] = 7 {c-hl - c+h-) G End(3Ar); (5.3.6) 
[dx, a^] = 7 {c+hl - c-b+) G End(3jv)- (5.3.7) 

In particular, [a\,dfj] is not invariant under X-(-^ fj,, in contrast to [A\,D^] cf. Eqn. (2.4-21). 

Proof. Focusing on the right-hand side, we have 

7 (c-6+ - c+6;) = 0+(-L/2)d^6+ - d^0+(-L/2)6+ - ^-{L/2)axb~ + (L/2)6;, 

by virtue of Lemma 5.1.9 (iv). Now applying Lemma 5.1.9 (ii) and subsequently Prop. 5.3.1 
and Eqn. (5.1.3) we obtain that 

7 {c-bl - c+h-) = (^+(-L/2)0-(L/2)6;6+ - ^ (L/2)0+(-L/2)6+5^ + aA^^ - d^ax = [ax,d^]. 
This establishes Eqn. (5.3.6); Eqn. (5.3.7) follows by applying A -H- /x. □ 
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Remark 5.3.9 (Integrability in the non-symmetric case). We claim that the only eigenfunctions 
of := Ofj, + dfj, are the ^\ where A satisfies the BAEs (2.5.3). In connection with this, we 

recall that tpx cannot be made L-periodic by imposing conditions on A as has been demonstrated 
for N = 2 in Subsection 3.7.1. The claim that is indeed an eigenfunction of tf^ follows 
immediately from the remark that and d^^ restrict to A^ and on the domain of symmetric 
functions. Hence t^ restricts to T^ on that domain, as well, and we have [i^,ti/]|Hjv — 0- 
However, in general, ^ 0, since [afj,,du] ^ [ai^,dfj]. 

5.4 The limiting case J = R 

This section generahzes Section 2.6 to the non-symmetric case. Analogously to the behaviour 
of Afj, and for L ^ oo as discussed in Lemma 2.6.1, we present 



Proposition 5.4.1. Letj eR, Xe Rg^ and iieC\ {Ai, . . . , Ajv}. Then 



and, for x G 



lim e'''^/^ (a^V-A) (x) = t+{X)^x{x), if Im/x > 0, 

lim e-''^^/^ ^ T^(X)i;x{x), if Im// < 0. 



L— >-oo 

Proof. Write A^v+i = A*- The expressions for (lim^^oo b^) V'A obtained by induction, noting 
that V'A does not depend on L and hence 

and similarly for 6+. 



With respect to (limz,_,oo ' ''■^/^ d^)iPx, note that 1 + i jAj n+i = A.-.'It^+t^ ~ A^^fcl ' 
Expanding the product ^1 -|- i7A7v n+i^ ... (^1 + i7Aijv+i^ in Eqn. (5.3.5) yields linear combi- 
nations of products of SjN+i- The only term proportional to 1 G Sn is obtained by choosing the 
term with 1 in each factor 1 + i7Aj7v+i- This produces a term . • • ^^Xi^/i^ ~ '^m-^^^^- 

We see that e^'^-'"/^ d^^x will be a linear combination of (A)V'Ai Ajv terms proportional 

to e'('*'J~^)^/^ VAi,...,Aj_i,//,Aj+i,...,AAr (with coefficients independent of L). Note that the exponent 
in e^i^j-i^)^!'^ has negative real part, provided Im/U < 0, causing all terms but t~(A)V'Ai,...,Ajv to 
vanish in the limit L — >■ 0. The expression e'^^/^ cLix'^x is analysed in a similar manner. □ 
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If we can prove a completeness theorem of the in l)jv (in the sense alluded to in Section 
2.6), we would obtain from Prop. 5.4.1 and the estimate |t^(A)| < ^1 + the following 

statement. 

Conjecture 5.4.2. We can extend limL^^e^^^^^ and limi_^oo e"''^'^/^ cZ^ to operators on 
f)jv. Furthermore, they are hounded on provided that Im/x ^ 0. 
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Chapter 6 



Conclusions and some open problems 

We have highlighted the important theoretical role the pre-wavefunction plays for the QNLS 
model, in particular for the connection between the dAHA approach and the QISM. The key 
points of this thesis are best summarized by comparing some important properties of the pre- 
wavefunction V'A and the Bethe wavefunction This will also allow us to pinpoint some 
possible future avenues of research. 

Relation to the symmetric group 

Although the pre-wavefunction is not S'^r-invariant, its definition by means of the non- 
symmetric propagation operator involves the symmetric group in an essential way: ^px = 
YlweSN Xu;-iM^'"^~^'"^7 s'"^- For instance, antisymmetrizing ipx will not result in a fermionic 
wavefunction, i.e. one that transforms as = sgn('u;)^';^ fov w e Sn- This leaves us 
with a question whether a similar propagation operator formalism can be set up for a 
one-dimensional fermionic system with pairwise contact interaction. 

Periodicity 

We have seen in Subsection 3.7.1 that the Bethe wavefunctions can be made periodic 
by imposing the Bethe ansatz equations (2.5.3) on the A but that this is not possible for 
the pre- wavefunctions ipx- Equivalently, on a bounded interval, the ^x become eigenfunc- 
tions of the transfer matrix (Thm. 2.5.7), but not the tj^x (Rem. 5.3.9). When taking the 
limit L — 7- cx) however, both ^x and ipx are cigcnfunctions of e^'^^/^T^ and e^'^^^^t^, 
respectively, if Im ^ 0, as per Prop. 2.6.1 and Prop. 5.4.1. A natural problem to consider 
would be the variant where the periodicity condition is replaced with an open or reflecting 
boundary condition and to investigate in how far the pre-wavefunction formalism carries 
through in those cases. 
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Physical interpretation 

Both V'A (by virtue of Cor. 3.6.14) and solve the QNLS eigenvalue problem Eqns. 
(1.1-1.2), althougli, of course, tpx is not a physically acceptable solution, as it is not S^- 
invariant and hence does not represent a bosonic state. A priori it is conceivable that the 
pre-wavefunction represents a state of N non-identical particles of the same mass and with 
the same pairwise contact interaction. However, as discussed at the end of Subsection 2.1.2, 
physically we are only interested in the subspace of functions which vanish at the bound- 
ary of their domain. This leads to periodicity conditions V'aU^=-l/2 = i^\\xj=L/2 (= 0); 
which we know cannot be satisfied already in the case N = 2, cf. Example 3.7.9. 

Completeness, orthogonality and norm formulae 

As alluded to in the Introduction, the set { : A G satisfies the BAEs (2.5.3) } is 
complete in 'Hn{[—L/2, L/2]), as follows from the work of Dorlas [12, Thm. 3.1]; in fact, 
it is an orthogonal basis for a dense subspace. As highlighted in the discussion follow- 
ing Conj. 5.3.6, it would be helpful if we could establish a similar property for the 

set : X £ satisfies the BAEs (2.5.3) } or even the larger set | : A € } in 

t)Ar([— L/2, L/2]). It would also be worthwhile to obtain formulae for the L^-norms \\ipx\\ 
and L^-inner products (V-'A; V^)- Initial calculations for the case N = 2 would seem to sug- 
gest that if both A and /i satisfy the BAEs (2.5.3) then (V'A) V'm) ~ ^ ll-^ll ~ IIa*II- 

Recursive construction 

Both the Bethe wavefunction (Defn. 2.5.1) and the pre-wave-function (Thm. 5.2.2) can be 
generated by a product of operators and 6^ acting on the reference state ^'0, respec- 
tively, although for the pre-wavefunction care must be taken with the ordering of the 6^. 
An interesting question is whether there are such recursions in terms of (explicit) integral 
formulae for Bethe wavefunctions and pre-wavefunctions corresponding to other boundary 
conditions, which ties in with Sklyanin's work [53] on the boundary Yang-Baxter equation. 

Yang-Baxter algebra 

There is the notion of a Yang-Baxter algebra in both the symmetric and the non-symmetric 
context, and we have similar expressions for a^il)\ and A^j^^x, and d^V'A and Df^^x, using 
the regular representation of the dAHA. However, the AD-, BC-, CB- and D^-relations 
from Cor. 2.4.6 cannot be directly generalized to relations for the non-symmetric integral 
operators a, 6^, c^, d. Instead, we have the relations Eqns. (5.3.6-5.3.7). An open problem 
is the precise relation of the operators a,b^,c^,d to the Yangian. 



Appendix A 



The degenerate afRne Hecke algebra: 
calculations 



A.l The regular representation 

A. 1.1 Properties of the divided difference operators Aj^ 

Here we present several technical lemmas involving the operators Ajk which are used to give 
a proof of Prop. 3.3.3, i.e. to demonstrate that the regular representation of the dAHA in 
momentum space is indeed a representation. We believe it is important that this thesis is 
self-contained and therefore that these technical steps are included. 

Lemma A. 1.1. Let 1 < j ^ k < N and let I = 1, . . . , N . Writing I = sjkl, we have 

Kjkk - \-Ajk = Sji-dkie EndCC'^lC^)). 

Proof. This follows from 



A \ \ A ~ ^Sjk - A; + XiSjk Xl - \l e r 

^jkk - ^l^jk = ^ , - T ^ - Ojl - Okl- 

■^j ~ ''^k '^j ~ ■^k 



□ 



Lemma A. 1.2. If j, k,l,m e {1, . . . , N} are distinct, then 
Proof. This follows directly. 

Lemma A. 1.3. Let j, k,l ^ {1, . . . , N} be distinct. Then 
Proof. First note that 

1 - Sjk 1 - Ski _ 1 



Sjk,^l7 



'^jk, ^kl 



Aj k 1 ^1 m 



Skl^jk^klSjk- 



□ 



jk^kl 



Xj — Afc Afe — A;) Xj — Xk \Ajfc — A; Xj — Xi 
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(A.1.1) 
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By swapping j and I and using Ai~j = —Aj^, we have 

= ^ ( ^ + ^l'^^ . (A.1.2) 



When subtracting Eqn. (A.1.2) from Eqn. (A. 1.1) we notice that the terms proportional to 
1 G CSn cancel. In particular, we find the following expression for the commutator: 

[^ .^ ^^^] ^ (Afc - A;)~^ - {Xj - A;)~^ ^ ^ hiSjk ^ 

' — Afc (Afc — Xi){Xj - Xi) 

_l SjkSki ^ (Xj - Xi)~^ - {Xj - Afc)"-^ - 

(Aj - Afc)(Aj - A;) Afc — A; 

Making use of the fact that — = {b — a)a~^b~^ we see that 

rx It (Afc — A;)~-^(%fc — Sfc/Sjfc) + (Aj - Afc)~-^(%fcSfe; — Sfe;) 

[^jk,^ki\ = X - - Xi 

_ (Afc - Xi)~^Ski{skiSjk - Sjk) + {Xj - Xk)~^Ski{sjkSkiSjk - 1) 

Xj - Xi 

_ - (Afc - A;)~^(l - Ski) + (Aj - Xi)~^{sjkSki - Sjk) , 

^kl ^ ^ k- 

~ -^k 

By comparing with Eqn. (A. 1.1), we see that this equals Sfc;AjfcAfc;Sjfc. □ 

For the following lemma we no longer need to write out Ajfc as a divided difference. We can 
simply make use of the previous lemmas and properties of the Sjk- 

Lemma A.1.4. Let j, /c, Z G {1, . . . , N} he distinct. Then 

SjkAkiSjk = SkiAjkSkh (A.1.3) 

SjkSkiAjk = AkiSjkSki, (A.1.4) 

Afc^SjfcAfc; = AjkAkiSjk + SjkAkiAjk, (A. 1.5) 

AjkAkiAjk = AkiAjkAki. (A.1.6) 

Proof. Eqn. (A.1.3) follows immediately by moving the leftmost transposition through the di- 
vided difference operator (both the left- and right-hand side equal A^^). Eqn. (A.1.4) is obtained 
from Eqn. (A.1.3) by left-multiplying by Sjk and right-multiplying by Ski. 

Note that from Eqn. (A.1.3) and Lemma A.1.3 we obtain 

SjkAklSjk^klSjk = Skl^jkSkl^klSjk = [Ajfe, Afc;]. 

Now conjugate this by Sjk to establish Eqn. (A. 1.5). 
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Finally, we use Lemma A.l. 3 to obtain that the left-hand side of Eqn. (A. 1.6) produces poly- 
nomials invariant in A; ■<->■ Z and maps polynomials invariant in A; ■<->■ Z to 0: 

AjkAkiAjk = [Ajk,Aki]Ajk + AkiAjf. = SkiAj^AkiSjkAjk = SkiAjkAkiAjk; 
AjkAkiAjk = Ajk[Aki,Ajk] + AjkAki = Aj kSjkAkiAjkSki = —AjkAkiAjkSki- 

We obtain AjkAkiAjk = -SkAjk^kAjkSki and AkiAjkAki = -SjkAkiAjkAkiSjk, by swap- 
ping j and I. Hence in order to prove Eqn. (A. 1.6) it suffices to show SkiAjkAkiAjkSki = 
SjkAkiAjkAkiSjk- This is done by repeatedly applying Eqn. (A. 1.3): 

Skl^jk^kl^jkSkl = —Skl^j kSkl^kl^kl^j k^kl = Sjk^klSjk^klSjk^klSjk 

= —Sjk^kiSki^jkSki^kiSjk = SjkAkiAjkAkiSjk- □ 

A. 1.2 Recursive relations involving the deformed permutations 

We present two lemmas that establish recursive relations involving the regular representation 
used in Prop. 3.3.5 and Prop. 4.2.2. 

Lemma A.l. 5. Let j eR, X e and /x € C \ {Ai, . . . , Xn}- We have 



N 



E ^-.7 • • • 5iv-i,, 3-^5(^) = (1 - r;(A)) G Endr (C,^,)). 

m=l 

Proof. By induction; the N = 1 case follows from ^^z^ = 1~ ^^^^^z^- To estabhsh the induction 
step we first remark that 

SN ^^^—5(^+1) = ( + Ajv-Ajv+i + i7 i7 \ ^(^+1) 

''^ Xn+1 — fJ- \Ajv — Aat+i Ajv+1 — Aiv — Aat+i Ajv — m / 



_ 17 AAr+i-/i-i7 

Aat — At Aat+i — n 

Using this we see that 

N+l . 

^ ^ Sm.'y - - - Sn,'y\ ~'~ ) = 

Aat+i - II 

m=l 



^(iV+l)_ 



N 



\m=l 
N 



Aiv+i — ij, Xn+1 - M 



~ ~ 17 Aat+i-// -17 17 \ c(iv+i) 

Aiv - M Aiv+i - n Xn+i - hJ 

Xn-h Xn+1 - M Aat+i - J 
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By virtue of the induction hypothesis this yields 

N+l 



= (l-<(A,A^+i))5W). □ 
Lemma A.1.6. Xei 7 G M, (A, A^v+i) e C^+^ /n End(C'^(C^+i)) we /tave 

W+l AT+l 
m=l m=l 

Proof. We proceed by induction; note that in End(C'^(C^)) we have 



so that 



/I , ~ ^Ai-A2-i7 T ^ ~ 

(1 + si) r r = 1 + si,7, 

Ai — A2 



which proves the case N = 1. For the induction step write A' = (Ai, . . . , Ajv-i). We have 
E ~sm... SNT^^^, (A)5 W = ( f E 5^ . . . s^-i] ~SN + l] r+^^, (A)5 W 

m=l V \m=l / / 

Focusing on the first term we have Ylm=i ■ ■ ■ sat-it^ i^')sN ^^^"^ = 

Aat — Ajv+i / 

'''' Xn — Ajv+i / 



N 








m=l 




W 








m=l 




N 








m=l 





17 



Aat — Aiv+i 



where we have used Eqn. (A.1.7) and Lemma 3.1.2, as well as the induction hypothesis. Assume 
for now that Aat+i / Aj for j = 1, . . . , It follows that 

N+l / N N . \ 

E Sm • • ■ SNT^^^^ (A)5(^) = f E «m,7 • • • 5iV,7 + T^^^, W + ^ ^^'^T ' ' ' ^^"^'^ Ajv - Ajv 1 ) '^^^^ 
m=l \m=l m=l / 

(AT \ 7V+1 

E ^"^.7 ■ • • ^Af,7 + 1 J = E ^"*'7 • • • SN,'iS^^\ 

m=l / m=l 
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by virtue of Lemma A. 1.5 with /j, = Ajv+i, as required. To obtain this statement for Ajv+i = Xj, 
take the hmit Aat+i — )• \j, apply the De I'Hopital's rule and use that differentiation preserves 

the space C'^(C^). □ 

A. 1.3 The regular representation and the Yang-Baxter algebra 
The following two lemmas are used in Sections 4.3 and 5.3. 
Lemma A. 1.7. We have 

^1 + i7Ajviv+i) • • • (^1 + i7AiAr+i) = sn,^ ■ • • si,7Si ...sn- 
Proof. By induction on N; the case N = 1 is trivially true. For the induction step we find 
^1 + i7AjvAr+i) ••• (^1 + i7AiAr+i) = (i + ijAn^ snsn (^1 + i7Ajv-iiv+i) •■■ (^1 + i7AiAr+i) 

= {sn - i7^iv) + i7A7v-iAr) ■ ■ ■ (l + i7Aiiv) sat, 

= SJV,7SAr-l,7 ■ • • Si,-fSl . . . sn-isn, 
where we have used Lemma 3.3.2 (i)-(ii), the definition of sj^j, and the induction hypothesis. □ 

liemma. A.1.8. Let j,k, I e {1, N} be distinct. Then Ajk,A.ji {1 + Ski) = 0. 
Proof. Note that 

AjkAji{l + Ski) = \ (l-Sjk) . \ {1- Sji){l + Ski) 

I f I , , 1 , A , 

J - Sjl) - T T [Sjk - Sjl) (1 + Ski) 



Aj — Afc \Xj — Xi Xk — Xi 

11 1/1 1 



Xj — Xk Xj — Xi Xk — Xi \Xj — Xk Xj — Xi 
which is clearly invariant under the swap k ■k-^ I. □ 

A. 2 Plane waves and the degenerate afRne Hecke algebra 

Here we will show that the regular and integral representations are intimately related. 
Lemma A. 2.1. Let A = (Ai, . . . , Aat) G C^. Then we have, for 1 < j k < N, 

Sjke'^ = Sjke'^, (A.2.1) 
Ijke'^ = -iAjke'^. (A.2.2) 

Furthermore, for j = 1, . . . , N — 1 we have 

e'"^ = Sj,7 e'"^ . (A.2.3) 
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Proof. Eqn. (A.2.1) follows immediately. Let x G be arbitrary. For Eqn. (A.2.2), note that 
for A e such that Xj ^ Xk, 



V / Jo Xj - Xk\ } 

— Ai. \ / Ai — Ai- 



as required. In the case that Xj = Xk, we have 

e'^) {x) = e'<^'-> £ dy = {xj - Xk) e'<^'->; 
on the other hand, (— i Aj^ e'^)(x) is to be interpreted as 



■jk' 



lim - i A,- e'<^+'^(^^-^'=)''=> = - i lim 



= - i lim e'^'^''"' 

M->o 2/x 

= lim(xj - Xk) e''^(^^-^'=) e^^^''"^ = {xj - Xk) S^'^'K 

by virtue of De I'Hopital's rule, whence we obtain Eqn. (A.2.2) for all A G C^. Finally, Eqn. 
(A.2.3) follows from combining Eqn. (A.2.1) and Eqn. (A.2.2) with k = j + 1. □ 

As a result, we have 

Corollary A.2.2. Let A = (Ai, . . . , A^v) G C-^ and we Sn- Then 

we'^ = w-^e'^, (A.2.4) 
w^e'^ = w-^e'^. (A.2.5) 

Proof. We decompose li; as a product of I, say, simple reflections: w = Si^ . ..s^. Using Eqn. 
(A.2.1) we find that 

W G = Si^ . . . Si^ e* = Si^ . . . e* = Si^Si^ . . . Si^_^ e* , 

since [sj, Sk] = for all Continuing this way, we obtain Eqn. (A.2.4): 

The proof of Eqn. (A.2.5) is entirely analogous, relying on Eqn. (A.2.3). □ 
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A. 3 The Dunkl-type representation 

Similar to Subsection A. 1.1, we provide technical results needed to settle Prop. 3.5.2, i.e. to 
show that the Dunkl-type representation of the dAHA is in fact a representation. 

Lemma A. 3.1. Let j = 1, . . . , N — 1 and k = 1, . . . ,N. Write k = sjk. Then 

SjAk - A^Sj = - {5jk - 5j+ik) ■ 

Proof. We have 

sjAkSj -A-^ = ^e-^ I - e-iisi i-^o-kis-ki + Y^ei-^s-^i. 

Kk Kk Kk l>k 

The terms with I j, j + 1, k,k have I = I and all cancel out. In the case that j + 1 < k = k 
the remaining terms cancel each other as well: 

0kj+lSkj+l + OkjSkj — GkjSkj — ^kj+lSkj+l = 0, 

and similarly in the case that k = k < j. Hence, only in the case k = j,j + 1 is there any 
contribution; this is easily seen to equal —6j+ijSjj+i — 9j j+iSj j+i = —sj in the case that k = j; 
in the case k = j + 1 it equals 9j+ijSj j+i + 0j j+iSj j+i = sj. □ 

Prom Lemma A. 3.1 we immediately obtain 

Corollary A. 3. 2. Letj = 1, . . . , N—1 and k = 1, . . . , N . Then SjOk^'y—dg^ka^j — 7 {^jk — ^i+\k) 
Lemma A.3.3. Let j = 1, . . . ,N - 1 and k,l e 1,...,N. Then 

Sj[dk,j,di^^] = ds.(^k),'r,ds.(^i)^y Sj. 
Proof. Por all fc = 1, . . . , A'^ denote k := Sj{k). Repeatedly using Cor. A. 3. 2, we have 

Sjdk,jdi^j = (^fc,7*i + i^j+ik - Sjk)n) di^-y 

= \f i^l'ySj + i^j+ii - + (Sj+lk - Sjk)ndi^y 

= 9k,^9i^jSj + i7 {{Sj+ik - 6jk) di,-y + {Sj+ii - Sji) d^^^) . 

By reversing the role of k and I we obtain 

sA,jdk,j = di.^\^Sj + i7 - 5ji) dk,^ + {Sj+ik - Sjk) ^,^) , 

so that 

Sj[dk,'y,di,^] = [dk,j,9i,'y]sj+nYj;k,i, 
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where 

It suffices to show that Yj-k^i = 0. We can assume without loss of generahty that k < I. Hence 
we must be in either of three cases: k^j,j + l,OTl^j,j + l,OTk = j,l=j + l. If k ^ j,j + 1, 
d^^j = 5fe^-y and Sjk = ^j+ik = 0) so that Yj-^^i = 0. The argument for I ^ j,j + 1 is identical. 
Finally, if A; = j, Z = j + 1 we have 

Yj;k,i = (1 - ^){9j+i,'y - 5j,7) - (0 - l)(5,-,-y - dj+i^j) = dj+i^j - dj^^ + dj^^ - dj+i^^ = 0. □ 

Lemma A. 3.4. Let w G Sn and k,l = 1,. . . ,N. Then 

= [9^(fc),7, 9^(0,7]^- 

Proof. Write w — Sjj . . . Sjj for some positive integer I. We have by induction 

w[dk,'y,di^-y] = Si^...Sii[dk,'y,di^-y] = Si^...Sii_j^[ds.^(^k),j,ds.^{i),'y]sii = ■■■ = 

Lemma A.3.5. Let k,l = 1, . . . ,N . Then [dk^j, di^^] = 0. 

Proof. Let w <E Spj. It is sufficient to prove that {[dk,j,di^j]f ) {x) = for all / G C°°(M^g) and 
all X G w~^M.^. By virtue of Lemma A. 3.4 and Eqn. (3.5.2) 

i[dk,^,di,^]f) (x) = {vj'^[dw{k)rndL,(i),^]wf) (x) = ([9^(fc),7, «9«,(0,7]^/) (^^) 

= {[dwik),dw(i)]wf) {wx) =0. □ 



Appendix B 

The non-symmetric Yang-Baxter 
algebra: calculations 



This part of the appendix lists useful properties of the non- symmetric integral operators a\, 
6^, and ^a- ' 
J = [-L/2,L/2]. 



b^, and dx. Throughout it, we assume that 7 G M and L G M>o. As usual we denote 



B.l Properties of the elementary integral operators 

Lemma B.1.1. Let n = 0, . . . , N , i E and A G C. Then e^.^ is the formal adjoint ofe^ . and 



et - is the formal adjoint ofe^ .. 



Proof. These statements are proven by changing the order of integration in (•,•). For example, 
to show that ej^ is the formal adjoint of ej.^ it is sufficient to prove, for arbitrary f e i)N, 
9 e i)N+i, 

1^^^^ d^'+'x (e+,/) (x)-^) = j^^ d'^xfix) (er .5) {x). (B.1.1) 
Write in+i = 1- The left-hand side of Eqn. (B.1.1) is given by 



'^<m+l + l / 



I d^'+^xeixi.+i >...> xi^+i >xi)lf\ r 

^ N+i ^ / " r \ /""^^ r \ 

l> ...> Zn> yn> Zn+l) 

\Vmi#im + l / 



. „iA(2/i+...+i/„-^i-...-x„-^„+i)/ 



k+^y^\f){^){<^\^z^^^,i+^z9){^), 
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where we have relabelled x^^+i, . . . , Xj^+i as zi,...,Zn and xi as Zn+i- We will now relabel 
yi, . ■ ■ ,yn as Xj^+i, . . . , Xi„+i to obtain the expression 

11 / ((/)i/)(x)6'(xii+i > ... > Xi^+i) / dzi [[ / dzm / dzn+r 

^0=2-''^ J -Jxi^+l \^=2-^^<m+l J J-L/2 



dZr, 



where we have relabelled (x2, • • . ,xn+i) — >■ {xi, . . . ,xn). This equals the right-hand side of Eqn. 
(B.1.1). The other statements are proven in a similar way (without the last relabelling of the 
xj). □ 

Lemma B.1.2. Let n = 0, . . . , N , i & ij;^ and A € C. Then e^.^, e^.^ and e^.^ are all bounded 

on t)fin. 

Proof. We prove the statement for e^.^; the other proofs are along the same lines (and by virtue 
of Lemma B.1.1 only proofs for three out of the six operators need to be given). Let x G J^+^. 
For y G J" we have the estimate 

2 



= g-ImA(a;jv+i+X;^^l{a;i„-?/m)) 
< g|ImA|(|a;^+i|+E;^=i(ki^l+|ym|)) < g(2n+l)|Im A|L _ 



(B.1.2) 



Using this for / G [) jv we obtain 

_ \ 2 



f d"y e^H^~+i+^-=i(^*--^"')) e{xN+i >yi>xi,> ...>yn>xij {pi-,yf) {x') 
J J" 



< I / d"y 



giA(a;Ar+l+Em=l(^im-J/m)) 

<^(2n+l)|ImA|L^ / d-y\{pi-.yf){x')\\ 



9{xN+i > yi > Xi^ > . . . > yn > Xi^] 



where x' = (xi, . . . , xn) and we have used standard inequalities for absolute values of integrals 
and integrals of products with Lebesgue-integrable integrand. 
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For the norm of e7 ■ f we have 

if\\%+i = I d^+'^ (^) 

JjN+l V ' / 



^^42n+i)\imX\L( f ^n+iy\ f d^x|/(a;)|2 = e^^-+'^\'^^\'^ \\ f\\l 



i.e. 

P,-,/IU+i<^e("+^)|i-^l^||/|U. 
vn! 

It follows that e^.^ is bounded. □ 
Given w G -Sjv, denote by w-^- the element of Sn+i determined by 

w;+(l) = l, t(;+(j + l) = w;(i) + lfori = l,...,A^. (B.1.3) 
Lemma B.1.3. Let n = 0, . . . , N , i G i^, A G C and w e Sn- Then 

^^X;i = ^X;wi^ ^ Hom({)jv, f)iV+l) (B.1.4) 

= ^\;wi'^ ^ Hom({)Ar, \}N+l) (B.1.5) 

= ^ Hom(f)jv+l, f)jv) (B.1.6) 

"^^Aii = ^\;wi^+ ^ Hom(f)jv+i, t)iv) (B.1.7) 

= ^M"^ ^ End(()^). (B.1.8) 

Proof. Let a; G J^"*"^. By virtue of Eqn. (5.1.5) we have 

\m=l "'^im / 

\m=l •'X'wim / 

where Xig = xn+i, which proves Eqn. (B.1.4). Eqn. (B.1.6) can be proven by taking adjoints; 
indeed, from 



where f ^ i)N, 9 ^ ^N+i, we infer that e^.^to ^ = w ^e^.^^, i-e. wej^.^ = e^.^jW. The other 
equations are proven analogously. □ 

Lemma B.1.4. Let n = 0, . . . ,N — 1, i G and A G C. We have 
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Proof. The desired statement follows from the observation that fov F e Hn and x G M-^ ^ both 
(^A i-^) equal to 



Lemma B.1.5. Let n = 0, . . . ,N, i G and A G C. Then 



□ 



Ex-iF\jN+i, « G O^jv 



AT' 



0, 



otherwise, 



0, otherwise, 

Ex;iF\jN, iGJ^, 

0, otherwise. 
Proof. Concerning the statement for e^.^, note that for x G J!^ , 



for F G Wiv, 



for F G -Hn, 



for F G TiN+i- 



m=l 



m=l 



1, ifii < ... < in, 
0, otherwise; 



this yields that e^.^F restricted to the alcove vanishes unless ii > . . . > i^, in which case one 
obtains the equality with the E^.^ by applying Defn. 5.1.1 and Defn. 2.4.4 straightforwardly. 
The statements for et. and e^,- follow in a similar manner. □ 



B.2 The non-symmetric particle creation operators and the 
Dunkl-type operators 

Here we aim to provide auxiliary results from which Thm. 5.2.1 can be proven. It is apparent 
that we need to study commutation relations of the operators e^.^ (which can be seen as lin- 
ear operators: C°°(M^g) C°°(M^+^)) with the partial differential operators dj and the step 
functions 9k i- Before we look at these commutators, we establish some useful results. 

Lemma B.2.1. Let /i : M — > C be integrable; let xo,x G M and let A G C. We have 

[di, / dy,e'^^-°+-^-y^Ui-^yAh{xi) = -e'"^-^ h{xo). 

Proof. Apply the Leibniz integral rule and integrate by parts. □ 



B.2. THE NON-SYMM. CREATION OPERATORS AND DUNKL-TYPE OPERATORS 117 

Lemma B.2.2. Let h iM? ^ C be integrable; let xo,xi,X2 G K and let A G C. We have 
rxo rxi 

l-XQ fXl 
J Xl J X2 

Proof. The desired expression equals 

rxo fxi 

J X\ J X2 

fXl 



rxi r /-xo 

+ dy2e^^(^^-2'^) 5.,, / dyie'^^^^+'^'-y'Ui^yi 

J X2 L J XI 



h{xi,y2). 



By virtue of Lemma B.2.1 and the Leibniz integral rule once more we obtain the result. □ 
B.2.1 The operators e^^;^ 

In the rest of this section, we assume that A G C and we suppress it in the notation: ef = e^.^ 
and 6^.^ = 6^. We will make statements for both and e7; in general we will provide detailed 
proofs for ej and indicate how the proof is modified for et. 

Lemma B.2.3. Let i and j = 1, . . . , N such that none of the im equals j. Then 

- ' - ■ 

Proof. This follows immediately from the definitions of e^. □ 

Conversely, if one of the im equals j, the commutators sj^^^^e^ — e^Sj^'* and S^^^^e^ — e^dj^^ 
are nonzero. First of all, we deal with the case that n = 1. 

Lemma B.2.4. Let j = 1, . . . , N. Then 

Proof. This follows immediately upon applying Lemma B.2.1. □ 
The following lemmas deal with the case n > 1. 
Lemma B.2.5. Let n = 1, . . . , N . 
• Let e Then 

o(JV+l) _ ^(iV) _ n{N+l).-niN) (N) _ .(iV+1) (N+1) 
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• Let e Then 

r.(N+l).+ r.{N) _ _JN+1) (JV) M) (N+1).+ 

Proof. We prove the statement for e.~ . The proof for e+ goes completely analogously. Let 
X = {xi, XN+i) G l^re^^- Write x' = {xi, xn), y = (yi, • ■ ■ , Vn-i), and io = j. assume 
xn+1 > Xj > Xi^ > . . . > Using Lemma B.2.2 we obtain 

+i)gT. - eT.sf ) = 

/•a;jv+i fXj /n—l \ 

d„ dY dy,e'^(-^+^+-^+-n-y-y^)cj,j^y ]J / dyrr^e'^(-^rr.-ym)Ui^J^+, 

(/•xjv+i /n—l nj.^ \ 

/ dFe^^(--+i+-n-n JJ / - dy„e^^(---^-) U,^(.^,,,,...,,„_,)<^^+i+ 

= ( dyiei^(--+i+-n-2/i) [ J] r---' dy^e'^(---^"') ) Sn,</'0-,i.,...,i„-i)^y<^iV+i+ 

•^^ii \m=2-^^<m / / 

We can re- write the second term as — SjAr+ie^; hence it suffices to show 

'n-l 



/ dyie^^(--+i+-H-^i) J] / dyme'^^^'rn-y^n^i^y4>N+iSnj. 

•'^3 \m=2 •'^im J 

This can be established by writing J^!^^^ dyi = J^^^^ dyiO{y — xj). □ 
Lemma B.2.6. Let n = 1, . . . ,N. 

• Let G and i' = {ii, . . . , in-2)- Then 

^{N+l) _ ^(N) _ _n{N+l) AN) (N) 

• Let {j, i) G ijy and i' = {12, ■ ■ ■ , in-i)- Then 

^(7V+l).+ _ .+ ^(iV) _ „(7V+1) + .(TV) (iV) 

Proof. Again, we note that the proof for the statement for e"*" is analogous to the following proof 
for e~. Let a; = (xi, . . . , xjv+i) G Write y = (yi, . . . , yn-i) and io = N + 1, and assume 
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that xn+1 > a^ii > • • . > Xi^_-^ > Xj. Note that 



= — e 



n 

/n-1 



(t>N+l 



by virtue of Lemma B.2.1. Using C'""^ d?/„_i = J^'"~^ dyn-iO{yn-i — a^i„_i) and we obtain 
the result. □ 



;l-l 



Lemma B.2.7. Let n = 1, . . . ,N , I = 2, . . . ,n — 1 and {i, j, k) G such that « € % 



Write i' = {ii, . . . , 11-2)- Then 



q(N+^) ^- AN) _ niN+D ^(JV) (N) 

^jki ^ik^kij^jki ^ii.ij^i' jk^jii.^^ii.ij- 



Write k' = {k2, ■ ■ ■ , kn~i)- Then 



q{N+1).+ g{N)_ 



^ij_i+l>+-lSfe"^jii_i*ijj j ^ ^j+lki+l*^ijk'^kij^jki ■ 



Proof. Let x = {xi, . . . ,xn+i) g Write = (yi, . . • , y' = {yi, ■ ■ ■ ,yi-2), z = 

{zi, . . . ,Zn-i) and z' = {z2, ■ ■ ■ , Zn-i). Also write iq = N + 1, ko = j, i' = {h, . . . ,11-2), 

k' = {k2, ■ ■ ■ , kn-i) and assume that xn+\ > Xj^ > . . . > iCi,_^ > > x^j > . . . > x^^ j. We 
apply Lemma B.2.2 to obtain 



^V^ijk 



m=2 -^^fem / 



, dY dzie'^(^^+=^'=i-^-"i)</.j^Y 

Jxj Jxk^ 
71=1 "'^im 

dzi e' ^(^fci ) (^i^y ^ j^z^^ki^j-.^k'^z' ^Af +1 + 



\m 



m=2 -^^fcrn / 
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/ 1 ^T, \ / n I ^rf.^ 



\ \m=l -^^im / \m=2 •'^km / 



j 

J X 



For the first term in square brackets, write /^.''~^ dzi = /^''"^ dzi6{zi — xj), and for the second, 



write /^''"^ dyi-i = /^.''~^ dyi-\d{yi — x^). This gives the desired result for e ; the proof for 
is along the same Unes. □ 



Lemma B.2.8. Let n = 0, . . . , N and i G ijy. For distinct positive integers j, k not exceeding 
N we have 



In particular ofj^^^eT — e^ofl'' = - e^Oj^^ = if no ii equals j or k, or if ii = j and 

im = k for some I, m. 



Proof. We prove the statements for ; the proof for the statements for et goes entirely analo- 
gously. 



In the case that j ii k for all we immediately have Oj^'^^^eJ = ej6j^\ Also, if 
j = ii,k = im, say, then both Oj^'^^^e^ and ejOj^^ vanish if Z > m and are equal to if 
I < m. This is obvious for ^j^^^'*er, and for e^^j^^ it follows from the definition of where 
yi < Um precisely if < Xi^. In particular, we have G^I^^^^^i = ^i^^^k ^^^^ case, as well. 



In the remaining case, j ^ im for all m and k = ii, say. The situation with j and k swapped goes 
analogously. Eqn. (B.2.1) is equivalent to e7^(^) = ^j^+'^e" _ 0{N+i).^^(N) ^ ^(N+i) ^(N) ^ 

which is true since none of the im equals j and Xj > is implied by xj > yi in the integration 
in the definition of eT". □ 
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B.2.2 The operators 6j„ 

The next step in building the operators 6^ are the b"^.^, and we hst some useful results about 
these operators here. For N G Z>o, j = 1, . . . ,N, and n = 0, . . . ,N we introduce the notation 

iN(.j) = {i^^N-^rnimT^j}. (B.2.3) 
Lemma B.2.9. Let n = 0, . . . ,N - 1. Then 

Proof. Let i G x = {xi, . . . , xn+i) G and y = {yi,..., To prove Eqn. (B.2.4), 
write i' = {12, ■ ■ ■ , in+i), x' = {xi, . . . , xjv) and y' = {y2, ■ ■ ■ , Vn+i) and note that 



m=2 -^'m 

Summing over i gives 

AT 

where we have used that ^^^1 jSjjv+i^7 = if o^ie of the equals j. As for Eqn. (B.2.5), 
a similar argument applies, where we write i' = {ii, . . . ,in), x' = (x2, • . . , x^v+i) and y' = 
(yi, . . . We obtain 

hence summing over i yields, as required, 

N+l 

(sr" - '^K*r, = - E "ir'^r' e = Ar 'fr„,. □ 

Lemma B.2.10. W^e have Aj^Jl^fe^^^ = Aj^+^^feJ^^ = 0. 
Proof. Writing x = (xi, . . . , xn+i), we note that 



^{N) ~ X] ^w{l)...w{N)- 

Note that is nonzero only if xj^^i > Xm for ah m = 1, . . . , A'^. Therefore, for any i G i^y and 
any j = 1, . . . , N we have 9^j^^l^jS^^^\e^ = 0. Summing over j and i then proves the lemma. 
A similar argument may be made for A[^~^^^btj^y □ 
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Lemma B.2.11. Let n = 0, . . . , N - 1 and j = 1,...,N. Then 

n 

"j %+l) "(n+l)"j - ^N+lj^jN+l'^(n)^ {^jk \j ^jk ^i^kj) 

n 

f){JV+l)j,+ _;,+ f^{N) _ JN+1) {N+1),+ \^ /fl{JV+l) ^+fl(Af) JAf) _ ^(JV+1) .+fl(Af) 

•^ifl V+l) V+l) i ~ "^i+ll V) '^jii •^ifi •5j(+l>fl'^ii+l>fl^i '^Jii 

Proof. Let j = 1, . . . , A^. First we deal with the case n = 0. Lemmas B.2.3-B.2.4 give us 

N 
k=l 

~ '^N+lj^j N+l*^ — "N+lj^jN+l'^{0)' 



and similarly 



_ 7,+ a(JV) _ ^{N+l).+ _ .+^{N) _ JN+1) (N+l),+ 
"j+i "(1) "(1) J ^3 ^3^3 - ^j+ll *lfH V)- 



Since the summations over / in the equations in the lemma vanish for = the results follow. 



For n > we have 



{n+1) 

31: 11=3 



n+1 



= V V f^^^+'^er . . . . - e- . ... d^^'A 



Let i G ijY(j). Using Lemmas B.2.5-B.2.7 we have 



n+1 



V (d^.''+'h- . . . . - e- . ... d^.^'A 

y ] ll...ll-ljll...ln l\...ll-i]ll...ln 3 J 



JN+1) (N+l) JN+1) JN) (N) 

^N+l,j^j N+l^i ^ h '^11 3 *n 3 ^ 



n 

( 0^^+^) ^- (N) _ JN+1) AN) (N) \ _ ni^+l) ^- AN) (N) 

Z^yjk i kj kj k-l3 il-k-2 3k -in 3k-lk-l3 J inj h-in-d jin inj 
1=2 



n n+1 

^(N+l) (N+1) ^ niN+l)^-niN) (N) _ V- .(JV+1) JN) (TV) 

N+ij^jN+i^i Z^^jk i kj kj Z^^k-ij h-k-2jk-in^jk-i k-ij' 

1=1 1=2 



Note that by virtue of Eqn. (B.1.4) the second summation over / can be written as 

n n 
_ Y^(n(iV+l)p- n(N) (N) ^ _Sr^ (N+1) JN+1) JN) 

kj ii...k-ijk+1-in jk kj 2-^ kj jk i kj ' 
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Combining this, we obtain that 



n+l 



(JV+l) 

j ^ti...ii-ijt 



■•■f"n J 



1=1 



JN+l) (N+l) 
^N+lj^jN+l^i 



{N+1).-AN) (N) 



(N+l) J N+l) 



Summing over all i G we find that 



-h- _ _niN+l) (N+l) 

(n+l) "{n+l)^j - ^N+lj^jN+l ^ 

+E E (C"«7€'€'-»r'«^r'«r€')- 

^=1 i&Uj) 



Now finally note that for i & i% such that im = j for some m, we have 



since <+;> = «!":',',>lf'i,9f t" = »■ TUs means that 

a(N+l)^{N+l) ^- _ ^{N+1) 



■u- _AN+1) (N+l) ST- 
L%) ~ '^N+lj^jN+l ' 



''Af+l j''jAr+l"(n) ~ ''N+li'^jN+l 

which completes the proof for n > for the formula for e~ . The proof for the formula for e+ 
follows the same arguments: 

n+l 

(n+l) V+1) i ~ V ji,...i„ Si...ii_iii(...in'^i j 

- t'ifii *ij+i + 

iei%(j) 

n 

\^ Z'J^+i) _ o+flW^W'i n 



For j = 1, . . . ,N denote 



j-l N 



{^jT^'^=j:(^t^4t^- e ^^^^^^^^^^^^ 
fe=i fc=j+i 



(N+l) ^ ^ JN+1) (N+l) 

VlfH^j+lfcfl' 

A;=l fc=j+l 



(B.2.7) 



fs+Y'^'> -S^niN+l) (N+l) _ V- AN+1) 

y j ) ~ Z^^y¥i A+1 ^j+1 m f^A+i fn 

so that 

A (^+1) - ( \-\ ^^^^^ J^+l) A (^+1) -( K+\ ^^^^^ .(^+1) 

■'S' ~ V J y *^iv+ij*jiv+i' ~\ 3) + Vii • 
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Lemma B.2.12. Letj = l,...,N and n = 0, . . . ,N. Then 

1=1 

Proof. Let 1 < j k < N. Note that = e'^^^+i ^at+i and hence ~ 
^~^fk ^\^k ~ ^i^^^^'^i^^^^^^ ~ ^^^ij^'^jfc' ~ ^' ^^sX the statements for n = fohow.. 



Now suppose n>l,l<j^k<N and let i € i^. Then 



^(iV+l) (iV+l),- _,- n(N)(N) 
^jk ^jk %) "{nfjk ^jk 



E 



^(iV+l) 
jk i 



jk I jk 



because of Eqn. (B.1.4). Similarly we obtain 



kj jk (n) (n) kj jk \k3 i % kj J jk 



E(< 



,(JV+i), 



jfc » I ] k J J k 



by virtue of 6jk + Okj = ^- It follows that 



(iV+l) 



y-b, .A- 

(n) (n) J 



(N) 



EE 



,(iV+l) _ ^-n(N)\ (N) 
^j k ^j k ) ^jk 



k^j 



= E 



E "r'^^fiT^ E "^r'^^rC 

\ 3i:i^=fc 31: ij^=j 



^jk ' 



where we have applied Lemma B.2.8. Lemma B.2.8 and 9jk + Okj = 1 yield ^^^^^^e^ ^j^"* 
tli^t t'^i^ equals 



( 



E 



E 



jk "^i "kj "^jk ~^ "^jk "kj "^Sjki jk 



E E 

3i: ii=k 

E E 



jk X kj ]k ]k kj z jk I 



.{N+l).^JN) (N) _ (N+l) JN+l) JN) 
^j k ^k j *i k *i k ^j k '^k j 



E E 

'=1 i&W) 



:)iN+^)A-n(N)AN) _ (N+1)JN+1).-JN)\ 

in i kj kj kj jk i kj ) " 



Again, the statement for is proved in a similar way. 



□ 
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Lemma B.2.13. Let j = 1, . . . , N. Then 

(N+l) (N+l)^- _ ^(iV) _^(Ar+l) (iV+l)^+ + _ + ^(N) 

Proof. Both left- and right-hand sides vanish; the left-hand sides because of Eqn. (B.2.6), and 
the right-hand sides because of Lemma B.2.12 for n = N (in which case i^y is the ^Ar-orbit of 
(l,2,...,iV)). □ 
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List of symbols 



See below for the list of symbols used in this thesis and the page where they are first defined. 
We also refer the reader to the various boxes headed "Notation" on pages 12, 16, 24, 52, 55 and 
77. 

Greek letters 

7 Coupling constant Page 1 

A = J2f=i Laplacian operator Page 1 

Aj Divided difference operator acting on C[X] Eqn. (3.2.3), Page 53 

Aj , Aj k Divided difference operator appearing in regular representation of 

dAHA Eqn. (3.3.1), Page 53 

S{x) Dirac delta Page 1 

5xy Kronecker delta Page 41 

9{x),6{x) Unit step function Page 21 

9{xi > . . . > xpf) Shorthand for 6{xi — X2, X2 — x^, . . . , xjv-i — xn) Page 21 

&i = &h --in Multiplication operator corresponding to step 

function Eqn. (3.5.3), Page 58 

Aj = A^^^ Auxiliary function used in definition of Dunkl-type operator 

dj,^ Eqn. (3.5.1), Page 58 

(A^)(^+i) Shifted version of aJ.^^^^ Eqn. (B.2.7), Page 123 

A = (Ai, . . . , Aat) Vector of wavenumbers Page 4 

A± Shorthand for A T 17/2 Page 39 
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^Dunki Dunkl-type representation Eqn. (3.5.5), Page 59 

p™* Integral representation of dAHA Eqn. (3.4.3), Page 57 

Regular representation in momentum space of dAHA Eqn. (3.3.3), Page 54 

S('«;) Set of ordered pairs in {1, ... , N} whose order is inverted by 

wESn Eqn. (3.1.2), Page 50 

a±, az Basis elements of sl2 Page 20 

T^(A) Eigenvalue of Eqn. (2.5.9), Page 31 

r±(A) Shorthand for n^^i ^'a^^ Eqn. (2.5.4), Page 30 

$(y), $*(?/) Quantum fields Eqn. (2.2.1), Page 16 

4>'^{y) Insertion operator Eqn. (5.1.2), Page 84 

(f>j Deletion operator Eqn. (5.1.1), Page 84 

(l)j-^y,<pi-^y Replacement operator Eqn. (5.1.4), Page 84 

XX Characteristic function of the set X Page 24 

*A Bethe wavefunction Eqn. (1.9), Page 5 

*0 = 1 G i)o{J) Pseudo- vacuum Page 12 

ipx Pre-wavefunction Eqn. (3.6.11), Page 65 

Roman letters 

^4^ Generator of symmetric Yang-Baxter algebra Eqn. (2.4.1), Page 21 

o-x,ax-n Generator of non-symmetric Yang-Baxter algebra . . . Eqn. (5.1.6), Page 86 

B\ Generator of symmetric Yang-Baxter algebra; particle creation 

operator Eqn. (2.4.2), Page 21 

' ^A n Generator of non-symmetric Yang-Baxter algebra; 

non-symmetric particle creation operators Eqn. (5.1.7), Page 86 

C\ Generator of symmetric Yang-Baxter algebra Eqn. (2.4.3), Page 21 
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C^g Set of complex regular vectors Page 28 

C{U) Vector space of continuous functions: >C Page 2 

C^{U) Vector space of /c-times continuously differentiable 

functions: U €, Page 2 

C°°{U) Vector space of smooth functions: ?7 — > C Page 2 

C'^{U) Vector space of real-analytic functions: >C Page 2 

CB^{R'^) Set of continuous functions with restriction to regular 

vectors Eqn. (3.5.8), Page 60 

CB^(M.^) Set of continuous functions with smooth restriction to regular 

vectors Eqn. (3.5.9), Page 60 

CB^{M.'^) Set of continuous functions with real-analytic restriction to regular 

vectors Eqn. (3.6.6), Page 64 

C;[;(M^) Set of functions in CB^{M.^) satisfying the derivative jump 

conditions Eqn. (3.5.10), Page 60 

G^{M.^) Set of functions in CB''^{M.^) satisfying the higher-order boundary jump 

conditions Eqn. (3.6.8), Page 64 

'^A''^A n Generator of non-symmetric Yang-Baxter algebra . . . Eqn. (5.1.8), Page 86 

D\ Generator of symmetric Yang-Baxter algebra Eqn. (2.4.4), Page 21 

P = Pjv Vector space of symmetric test functions 0jv>o^^('^) Page 14 

'Dn = 'T>n{J) Vector space of symmetric test functions C^t(J^)'^^ Page 14 

dxjdx-n Generator of non-symmetric Yang-Baxter algebra . . . Eqn. (5.1.9), Page 86 

~ ai~ 3'^^ partial derivative Page 1 

9j,-y Dunkl-type operator Eqn. (3.5.2), Page 58 

5 = Dat Vector space of non-symmetric test functions 0Ar>o f Af(<^) Page 14 

f AT = <>n{J) Vector space of non-symmetric test functions C^t{J^) Page 14 
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E\-i,E^.^,Ex-i Elementary symmetric integral operators Page 25 

E Eigenvalue of Hamiltonian Page 1 

e''^ Plane wave with wavenumbers given by A Eqn. (1.8), Page 5 

e^^" Shorthand for e^.g Page 85 

^A-i' ^A i' ^A i Elementary non-symmetric integral operators Page 85 

en(A) n-th elementary symmetric polynomial Eqn. (4.4.5), Page 80 

T{U) Vector space of functions: U ^ C Page 2 

G-y(A) Coefficient in Bethe wavefunction Eqn. (3.3.6), Page 56 

Hamiltonian for the QNLS model Eqn. (1.1), Page 1 

H^^ Higher QNLS integrals of motion Eqn. (2.2.8), Page 19 

S^^ Combined algebra isomorphic to CSn 'Si C[Xi, . . . , Xn] as 

vector space Page 50 

S^^ Degenerate affine Hecke algebra Page 52 

H = T-L{J) Symmetric Fock space ®n>qHn{J) Page 13 

^fin = Ti&n{J) Dense subspace of H{J) of finite vectors Page 13 

■Hn = Un{J) Symmetric iV-particle sector 1?{J^)^n Page 12 

\) = f)(J) Non-symmetric Fock space ®n>o^n{J) Page 13 

f)fin = f)fin(<^) Dense subspace of f)(J) of finite vectors Page 13 

= f)Ar(^) Non-symmetric iV-particle sector 1?{J^) Page 12 

Ij , Ij k Integral operator appearing in integral 

representation of dAHA Eqn. (3.4.1), Page 57 

CJjY Set of ri-tuples with increasing entries in {1, ... , A'"} . . Eqn. (2.4.9), Page 24 

i+ Shorthand for (zi + 1, . . . , i„ + 1) Page 85 

Set of n-tuples with distinct entries in {1, . . . , AT} Eqn. (2.4.8), Page 23 
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Shorthand for { i G : Vmi^ 7^ j } Eqn. (B.2.3), Page 121 

J Closed interval containing permitted particle locations Page 1 

Jj^g Set of regular vectors Page 2 

Jjjy Fundamental alcove Page 2 

L Length of bounded interval J Page 4 

L^(J^) Hilbert space of square-integrable functions: — )• C Page 12 

jCxix) QNLS (local) >C-matrix Eqn. (2.2.3), Page 17 

l{w) Length of u; € S Eqn. (3.1.3), Page 50 

N Number of particles Page 1 

Pj Propagation operator Eqn. (3.6.1), Page 62 

V Permutation operator of Page 19 

V{U) Vector space of polynomial functions: U ^ C Page 2 

PnW n-th power sum symmetric polynomial Eqn. (2.2.7), Page 18 

Qx QNLS Q-operator Eqn. (4.4.4), Page 80 

qdetT^ Quantum determinant of the monodromy matrix .... Eqn. (2.7.1), Page 39 

7^A QNLS 7^-matrix Eqn. (2.3.1), Page 19 

S N Symmetric group Page 3 

Symmetrizer Eqn. (3.1.1), Page 49 

S^^^ Image of symmetrizer under integral representation of 

dAHA Eqn. (3.4.5), Page 58 

s!y^^ Image of symmetrizer under regular representation of dAHA in momentum 
space Eqn. (3.3.5), Page 55 

Sj = Sjjj^i Simple transposition swapping j and j + 1 Page 3 

Sj k Transposition swapping j and k Page 3 
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Sj^^ Deformed simple transposition appearing in integral representation of 



dAHA Eqn. (3.4.2), Page 57 

Sj^-y Deformed simple transposition appearing in regular representation of dAHA 

in momentum space Eqn. (3.3.2), Page 53 

Tx Transfer matrix Eqn. (2.2.5), Page 18 

7a QNLS monodromy matrix Eqn. (2.2.4), Page 17 

t\ Shorthand for + c^a Page 100 

Vj k Hyperplane { a; G : Xj = Xk} Page 2 

V^f, Indicates a limit 3Cj^ y IS taken with Xj ^ Xk Eqn. (1.3), Page 4 

w Arbitrary element of Sn Page 3 

w+ Shifted permutation Eqn. (B.1.3), Page 115 

wq Longest element in S'jv Page 77 

Wj Deformed permutation acting in position space Eqn. (3.4.4), Page 58 

Wj Deformed permutation acting in momentum space ...Eqn. (3.3.4), Page 55 

X = {xi, . . . ,xn) Particle locations Page 1 

3iv Completion of span of all V'a iii iv Eqn. (5.3.1), Page 95 
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